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ARTICLE INFO ABSTRACT
Keywords: This study explores the tunable wrinkling of a magneto-active hydrogel (MAH) block immersed in
Magneto-active hydrogel a tank filled with a magnetic solvent. An electromagnet, with two poles positioned at the top and

Wrinkling instability

Geometric constraint

Surface impedance matrix method
Finite deformation

bottom of the tank, generates a uniform magnetic biasing field via energized coils. Within the
framework of nonlinear magneto-elastic theory and non-equilibrium thermodynamics of hydro-
gels, the mechanical behaviors of small-amplitude wrinkling are modeled, incorporating the in-
fluence of external Maxwell stress. By employing the surface impedance matrix method combined
with the Stroh formulation, the bifurcation relations governing wrinkling onset are decoupled
into symmetric and antisymmetric modes. For the first time, explicit expressions are established
in a compact form for compressible soft materials with general free energy functions. As repre-
sentative examples, generalized neo-Hookean and Gent ideal MAH blocks are examined. Nu-
merical results show that blocks with a smaller permeability than that of the surroundings (i.e.,
the normalized permeability 7 < 1), exhibit wrinkling behaviors largely similar to those without
an external magnetic field, albeit with minor differences in certain details. Notably, a distinct
“mutation” in wrinkling is observed for extremely thick blocks, which is attributed to a geometric
constraint associated with the normalized thickness of the block relative to the tank. However, for
blocks with higher permeability (# > 1), the tensile Maxwell stress significantly destabilizes the
system, resulting in distinct wrinkling patterns that differs from those in low-permeability blocks.
Intriguingly, wrinkling can emerge during the simultaneous thickening and area expansion of the
block, but this phenomenon may be suppressed by geometric constraints. These findings offer
valuable insights into the behavior of magneto-active hydrogels, potentially advancing their
theoretical understanding and practical applications.

1. Introduction

Magneto-active hydrogel (MAH) typically consists of a crosslinked polymer network and solvent molecules, with magnetic particles
of varying sizes distributed either randomly or in an orderly manner. It is not only capable of undergoing large deformations in
response to an external magnetic field but is also characterized by excellent biocompatibility, lower toxicity, smaller elastic modulus,
tissue-like higher fluid content and permeability. In the last few decades, it has emerged as a novel smart material with tunable
physical properties (Li et al., 2013; Wu et al., 2011), offering a wide range of practical applications, including magneto-responsive soft
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robotics (Chen et al., 2023; Chen et al., 2019), deformable actuators and sensors (Khan et al., 2020; Rotjanasuworapong et al., 2023),
pollutant absorption/adsorption for environmental improvement (Meng et al., 2019; Yu et al., 2013), and biomedical devices for drug
delivery and medical diagnosis (Jahanban-Esfahlan et al., 2020; Liu et al., 2021; Zhao et al., 2011).

The application of mechanical and magnetic loads on MAH may introduce the risk of instability and potential failure, even as it
enables the related devices to achieve exceptional performance. Apart from its unique solvent diffusion characteristics, MAH can be
considered a magneto-responsive elastomer composed of a soft polymeric matrix and embedded magnetic dopants. It was early
recognized on that magnetic-elastic structures buckle when subjected to a certain magnitude of magnetic field (Miya et al., 1978; Moon
and Pao, 1968). Recently, such instability has been exploited to achieve active control of deformation patterns for both academic
interests and practical purposes (Goshkoderia et al., 2020; Hou et al., 2018; Psarra et al., 2017; Psarra et al., 2019). For example, Psarra
etal. (2017, 2019) investigated the induction of wrinkling and crinkling on the surface of a thin magnetorheological elastomer (MRE)
film placed on a soft passive substrate by tuning the combination of uni-axial pre-compression and magnetic field (see Fig. 1). Inspired
by their experimental observations, Wu and Destrade (2021) revisited the wrinkling instability of incompressible soft magneto-active
plates from the theoretical aspect. They first derived the Stroh formulation of the governing equations for wrinkling problem and then
used the surface impedance matrix method to obtain explicit expressions of the bifurcation equations. Most recently, Xia (2024) has
promoted this method to better grasp the impact of compressibility on wrinkling of magnetic soft plates. They suggested that a
perfectly incompressible model may not accurately represent the behaviors of a nearly incompressible plate under plane-strain
loading, particularly when the permeability of the plate is exceeds that of its surroundings. It is worth noting that, in the works
mentioned above, magneto-active media are typically placed in vacuum or a fixed passive environment. The potential coupling be-
tween the media and dynamic, active environments has received less attention. Therefore, investigating the instability behaviors of
MAHs in liquid surroundings with tunable properties becomes particularly intriguing. Unique challenges arise in both physical and
mathematical aspects, such as the complexity of modeling interactions at the solid-liquid interface.

As depicted in Fig. 2(a), this study investigates the wrinkling of an MAH block immersed in a magnetic solvent with permeability y,
and chemical potential ®.. Following Rosensweig’s theory, the surrounding fluid is modeled as a homogeneous and mechanically
passive continuum with an effective, field-independent permeability (Rosensweig, 1985). To ensure uniform magnetoelastic coupling
in the MAH, the magnetic components and the polymer network are assumed to be connected by covalent bonds—a condition
achievable experimentally through methods like the grafting-onto technique (Li et al., 2013). Under these conditions, the application
of a magnetic field generates Maxwell stress without altering the rheological properties of either the solvent or the MAH block, both of
which exhibit isotropic and homogeneous properties. These assumptions have also been implicitly adopted by many other researchers
(Ahmadinejad and Marshall, 2024; Gebhart and Wallmersperger, 2019; Liu et al., 2023; Tang et al., 2025).

Using a virtual dry state as the reference, the polymer network expands isotropically by a stretch 4o when immersed in the solvent,
forming a gel block in a free swelling state with thickness L, and permeability ;. Under mechanical loading in the x;-x, plane and a
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Fig. 1. An experimental study of the wrinkling of a magnetic soft film subjected to a transverse magnetic field, reproduced from Psarra et al. (2019).
(a) A pre-compressed MRE film wrinkles under a magnetic biasing field generated by two poles of the electromagnet when bonded to a soft passive
substrate. (b) Schematic diagram for the experimental setting for magnetic-induced wrinkling of the film-substrate system shown in (a). (c)
Representative morphologies of wrinkling observed on the surface of the MRE film under three typical domains of pre-compression.
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Fig. 2. A rectangular MAH block is immersed in a tank filled with a magnetic solvent. (a) In the free swelling state, the top and bottom faces of the
tank are covered by films with perfect diamagnetism. (b) The block is activated by an in-plane mechanical loading (not displayed here) and a
nominal transverse magnetic field intensity Hy, produced by energized coils carrying free current density iy. (¢) The virtual dry network of the gel is
shown. (d) Antisymmetric and symmetric wrinkling are sketched for illustration. The gel block, with an initial thickness of Ls, and the solvent have
permeabilities of 4, and yy, respectively. The chemical potential of the solvent @, and the distance between the top and bottom of the tank L; are
assumed to remain constant, while the thickness of the gel becomes [; under biasing fields.

uniform magnetic biasing field along the thickness direction, the block further deforms further into a new homogenous state with
principal stretches of 4; (i = 1, 2, 3) relative to the dry network reference state. Consequently, the block’s thickness becomes

ly = AsLg/2o. 1)

In this work, the magnetic biasing field is specialized to the magnetic field intensity as shown in Fig. 2(b), referred to as the
H-controlled mode. The nominal magnetic field intensity H, in the block is generated by an electromagnet composed of energized coils
with a direct current intensity iy (A/m). The radial dimensions of the coils and tank are equal and much larger than the lateral di-
mensions of the tank, ensuring a uniform magnetic field across the tank. Additionally, the in-plane mechanical loading protocol is quite
flexible in practice, encompassing fixed-stretch, dead-load and even stretch-load mixed types. For conciseness, these loading protocols
are not displayed in Fig. 2(b). The reader is referred to Xia (2024) for complete depictions.

The magneto-mechanical coupling and nonlinear response of the block are modelled by the nonlinear magneto-elastic theory
(Dorfmann and Ogden, 2014). Meanwhile, the diffusion of solvent molecules and their mixing with polymer network in hydrogels are
considered by invoking the non-equilibrium thermodynamic theory (Hong et al., 2008). This combination bears partial resemblance to
the field theory for polyelectrolyte gels, yet it neglects the contribution of mobile ions to the free energy from the entropy of mixing. It
should be recognized that the modelling of MAHs with magneto-chemo-mechanical coupling has advanced significantly beyond the
foundation laid by Hong et al. (2008). However, more sophisticated models (Garcia-Gonzalez and Landis, 2020; Gebhart and Wall-
mersperger, 2019; Liu et al., 2017) are unnecessary for the current study, which focuses on obtaining benchmark solutions of wrinkling
predictions. Without loss of generality, we assume that all biasing fields are applied slow enough that the gel remains in an equilibrium
state. The effects of related time-dependent behaviors (Galli and Comley, 2009; Kaufman et al., 2008; Liu et al., 2009) can be
tentatively compromised, although the phenomenological poroelastic parameters has been correlated to the thermodynamic prop-
erties of gels using the Flory-Huggins theory in the energy function (Hong et al., 2008). It should also be noted that the difference in
permeability between the MAH block and the solvent may induce a nonuniform magnetic field near the block-solvent interface,
particularly at the lateral boundary of the block. This phenomenon, recognized as an unexpected edge/shape effect, could lead to an
underestimation of transverse magnetic components (Stewart and Anand, 2025). To mitigate this issue, the lateral dimensions of the
block have been designed to be significantly larger than its thickness, thereby allowing the influence of such effects be reasonably
neglected.

In the present study, we adopt the general framework of the Stroh formulation and surface impedance matrix method, as proposed
for compressible magnetoelastic soft plates (Xia, 2024), as analytical tools to predict the onset of wrinkling in immersed
magneto-active hydrogels. While the general solution to the governing equations remains unchanged, the intrinsically distinct con-
ditions of this problem—such as the size effect induced by geometric constraints and the chemical potential difference between the gel
and the solvent—introduce unique considerations, resulting in novel and highly tunable wrinkling behaviors. The remainder of the
paper is organized as follows.

In Section 2, we present the governing equations for the equilibrium of a MAH block subjected to in-plane mechanical loading and a
transverse magnetic biasing field. The nonlinear response of the constrained swelling block is first derived in terms of the true magnetic
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induction field, which is consistently followed in all subsequent equations unless stated otherwise. Naturally, these equations can be
specialized to the specific set-up of magnetic protocols as shown in Fig. 2(b) without any difficulty.

Then, in Section 3, we present analytical bifurcation relations for the antisymmetric and symmetric wrinkles of the MAH block,
respectively. Extending far beyond earlier works (Wu and Destrade, 2021; Xia, 2024), explicit expressions are derived based on general
compressible models. Two special limits of the thin-plate (long-wave) and thick-plate (short-wave) are examined to identify the
so-called global and wavelength-independent instability domains for MAH blocks with specific dimensions.

In Section 4, we perform numerical discussions for constrained swelling neo-Hookean and Gent ideal MAH blocks subjected to a
transverse magnetic biasing field. For the magnetic loading protocol, critical curves for the onset of wrinkling under certain magnetic
biasing fields are plotted in terms of normalized current. Finally, in Section 5, we present the conclusions of our study, discuss its
limitations, and outline potential implications.

2. Large actuation of immersed MAH blocks

We begin by considering the magnetic biasing field applied to the MAH block and assume the nominal magnetic field intensity in
the block to be Hy. According to the Ampere’s circuital law, which relates magnetic field intensity to free current, we derive the
following equations:

HolLg /%0 + Hy(Le — Iy) = i, (2a)

or, alternatively,
Ho[(1 — i)Lg /40 + HL¢ /23] = i, (2b)

where Hj denotes the magnetic field intensity in the solvent and i = yg /j¢ is a nondimensional measure of permeability, referred to as
normalized permeability. Here and throughout the text, the superscript “x” is used to denote quantities defined outside the region
occupied by the block, i.e., in the solvent.

We then introduce a free energy function W(F, B) to describe the constitutive relation of the MAH block, where F is deformation
gradient and B, is nominal magnetic induction. For ease of analysis, six independent invariants for the isotropic gel are defined as
functionsof Fand B: I; =trc,Ir = [(trc)2 —trc?]/2,I5 =detc,I4 =B, -Bj,Is =B, - (cBy),andIs =B, - (c*B;), where ¢ = F'F denotes
right Cauchy-Green tensor. By invoking the nonlinear theory of magnetoelasticity for a compressible MAH block in equilibrium
(Dorfmann and Ogden, 2014), the non-zero components of the Cauchy stress tensor 7 and the true magnetic field intensity H yield

2
T11 — T33 = j(bn — b33)(Wy + basWa) — 2JB2(Ws + 2bs3 W),

2
Top — T33 = j(bzz — b3) (Wi + b1y Wy) — 2JB3(Ws + 2bs3s W), ®
Hj = 2JB3(Wad;> + Ws + Wed3),

where Wy, = 0W/dl, form =1, 2, ..., 6, 7;; and b; (i =1, 2, 3) are the principal component of the total Cauchy stress tensor and the
left Cauchy-Green tensor b = FFT of the block in the x;-direction, respectively. Additionally, H; and Bs are the only non-zero com-
ponents of the true magnetic field intensity and the true magnetic induction field in the x3-direction inside the block, respectively. For
more details, the reader is referred to Appendix A. For the considered problem, the deformation gradient simplifies to F = diag(4,42,
23), and the volume ratio J = detF = /I3 equals to ;1,43. Substituting the last equation of Eq. (3) into Eq. (2) with the magnetic
continuity condition across the block-solvent interface, i.e., B = B3, and the push-forward relation between the true magnetic field
intensity and its Lagrangian counterpart, i.e., H = F"TH,, we rewrite Eq. (2) as

[20(Was" + Waia + Wea)Lg [0 + b (L~ L) | Bs = oL )

Here, we assume that the solvent is ideally magnetic, meaning its magnetic properties remain unchanged under deformation. The
connection between Hy and Bs is determined by the constitutive relation of the gel.

Assume that the gel block is subjected to in-plane nominal stress s; and s; in the x; - and x;,-directions, respectively, while its top and
bottom surfaces x3 = +l;/2 are mechanically traction-free. The mechanical continuity condition thus leads to

S$1 = Jl;lﬂaz (111 — T;l), Sy = J/‘L;lﬂaz (T22 — T;z), T33 = 133., (5)

where the non-zero components of the Maxwell stress tensor in the solvent are given by
2
Bs

. 6
2u¢ (6)

ok
Ti1 = T2 = —T33= —

By combining Egs. (3) and (6), the nonlinear response of the gel block in three principal directions is derived as
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2
= Jl;lﬂaz |:j (b11 — bgg)(wl + b22W2) — 2JB§(W5 + 2b33W6) + (T;3 — T;l):| s
1,2[2 "
= J/11 1],02 |:‘7 (b22 — bgg)(wl +by Wz) — 2JB§(W5 + 2b33W6) + (T33 - 722):| s @)
b33 B2

== [Wi + Wa(bi1 + b2)] + JWs + JB3(Ws + 2bss We) — W =0.
£

It is noted that, the third expression in Eq. (7) can be used to determine the out-of-plane stretch of the gel under certain basing fields.
3. Wrinkling analysis for immersed ideal MAH blocks

We now consider the wrinkling formation of the immersed MAH blocks using the linearized incremental theory. Although a general
framework for wrinkling analysis of compressible magnetoelastic has been preliminarily developed (Xia, 2024), the most general
bifurcation relations are often lengthy and cumbersome. Except for the reduced form derived for the simplest neo-Hookean model,
directly applying these relations can lead to numerical instability, significantly limiting their practical utility. To overcome this
limitation, we further examine the energy function W of the MAH block as mentioned in Section 2, where the first and the third in-
variants are typically decoupled without loss of generality, i.e., 0>W/(dI;0I3) = 0 (Holzapfel, 2000). Following the standard procedures
summarized in Appendix B and assuming surface wrinkles that are harmonic in the x;-direction, we obtain following explicit ex-
pressions for the bifurcation equations of general ideal MAH blocks

_ 7
i(1 - 7)’B; G-
1 4 ftanh(kyh/2)tanh™ (kyly /2)

P=2
1) +n4 Y] (58: - 78) {tanh(kwlgrz/Z)}il
(;7 ;7 ;7( );7(2)) tanh(kwlg/2)

i 2
(G-1)mae +i?] G - ) {tanh(kwlgrg/Z)}il
w2 ) tanh (k.ls /2)

(8)

where h = (1 /L — A3 /20)Lg, kw is the positive ‘wavenumber’, the exponents “+1” identify the antisymmetric and symmetric winkling,
respectively, and
a—y— P2+ 2B — 75
— -2 —
—Ts3) /P2, 3+ (v + P43 — 2B + T3 )p2. 5

(a-+ B2 — ) (a— y = i3 + 2B — 721)

(a 4B+

— — + ap2, 3
i (a+ B§ + 711 —T33) /P2 s + (r + BA3 — ZBi + T33)P2. 3
o _ —23) _
ry3 = —ipa3, = | _ , Y= 2,2 op2 = ©)]
a—y—pA2a%+ 2B — _
Bs 4 _/2{3f“ 37T o(a+ By —Tas) 7+ PN
].E a+B3+711 *;33 1
s 93 5 (11285473
1], _ o
-k —Bs(a—y — pA3A; + 2B; — Ts3)
=2, - - 4_on? -
(0( +B; +7Tn Tss)/Pz, 3+ (J’ +pA3 — 2B; + T33)P2. 3
L - P23
Wi W %
(B2 - 2°Wss - —) (24 22) +2(22 — 2)° 20| 23T 2 g2y 4 0p2(32 - p2) 201
2 W, A1z 1
_ Wi, z
222 {Bi — 2022 <12/12 222 w33> - %}
. 2 Wi } /13W1 { Wi } } 1
P2z =i B, — 2/°Ws 20 — 1)t 41 203(As — 241) —~ + 1 : (10)
{( B3 2){(1 3)w e 3lds = l)wl
w AW w
{(B — 2 Wy — ?) {2(/11 +/13)2W“+ 1} o {2/13(13 +2h) ot 1} }
+ 1
2/12 Wi 733
— =3 B, —2J + B2 Wa3 | — =2
(1 + A3)|Aa — /13| (ll/lz B2
2/3 — 4__ 3 _ —2 2 N _ _—2
ai/hTWL f=5Wn, v =4 Wss, Tn =Ts3 — By +2(2 —3)Wh [ J, T3 = By / 2. an
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Here and below, the following normalization notations have been applied that

— W — W — FW Bs
= = =— By= )
W=5 Wn oL, Winn ndl,’ /Gy (12)

where m,n = 1, 3, and G tentatively refers to the initial shear modulus of the MAH block.

4. Discussions for generalized neo-Hookean and Gent ideal MAH blocks

We now restrict our attention to specific constrained swelling MAH blocks subjected to a certain magnetic biasing field, as illus-
trated in Fig. 2(b). Following previously published works (Hong et al., 2009; Wu and Destrade, 2021; Xia et al., 2025), we consider the
gel with following neo-Hookean and Gent ideal magnetoelastic energy function

W(F,By) = Waso) (. Ts) —% (Vi-1) +2M15ﬁ—'% [(ﬁ— 1)1n<1 +ﬁ) +\/LI_}
g V13 3 3

NkT NkT L -3
WnH(Il,I:;) = T(Il —-3- 11].1‘3)7 Wg(ll,lg) = T (Jmln(]. — IJ > — 11113) .

m

13)

Here, N is the number of polymer chains per unit volume of the dry network, T and k are the temperature and the Boltzmann constant,
respectively, w is the volume per solvent molecule, y is a nondimensional parameter characterizing the enthalpy of mixing, and Jy, is
the chain extension limit of the polymer network. In this case, the explicit expressions of the coefficients in Eq. (11) are given by

22 2 2 22 2 - = = S

@G =23 0= 3+C, azzﬂ——B»m:—g"!‘B; as = 1+C+B§7 by = —B;, ¢t =Bs, Co =—B;, d =1,
J J J 2 J

. 14)

=2 _ A —A; =2/

T3 =5Bs, T = lJ 3+B3<§_1 )

with
1 /1 2 J 1 1 5 o
=— (— )41, y="|In(1-=) +-— 4L _=¢ 1
¢ Nm(Jfl J)+’ Nm{n( J)+J71 2 kT) (15)

where the initial shear modulus G has been replaced by NkT according to the specific energy density function (13).

4.1. Nonlinear response

The true magnetic induction field B is obtained from Eq. (4) using the energy function (13). The non-zero component and its
Lagrangian counterpart have the following nondimensional forms:

B; = %«, H = +7 (16)
(1 —=n)Lis/do + 1 (1 —@)L/A +1/%3
where I = iy He /NKT is the nondimensional free current density, and L = Lg/L; is the non-dimensional initial block thickness.
For the concerned Gent gel described by Eq. (13), the in-plane nominal stress components s; and s, can be derived from Egs. (6) and
(7) in following non-dimensional forms:

Jn 22

J, 22 —2 —2
=A% " -4 bls(@—-1)B, |, 5 = A — 2, — B+ 1s(F— 1)B; |, 17
S1 0 {3*I1+Jml /11+23(14 )3]752 0 3*11+Jm2 /12+13(l‘ )Bs |, 17

where 5; = 5;/(NkT) and the out-of-plane stretch 13 is determined by

Jm 9 J _m2
3 L3 €-y)+5(1 —mB;=0. (18)
By combining Eqgs. (16) and (17), the relationship between the applied biasing field and the nonlinear response of the immersed
MAH block can be expressed as

J, J,
= MAs ——2 2 32 A28y ——2 2 )2
I A P A B M U T A A B

(1—R)Lhs/lo+7 J-1) - JE-1)

19

A pull-in instability may occur when the nonlinear I-1; (5 relationship in Eq. (19) reaches a local maximum, i.e., dI /d;2y = 0.
Without loss of generality, considering the equi-biaxial case with 4; = 4, ands; =5, =3, Egs. (19) and (17) reduce to
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J
513//11 ——1 —Ag/zf
- . , 3—L+J (20)
I=[(1-p)Lis/% + ] /13(/_;7 1])“ )

with the nonlinear response given by

A Jm 22 _ —2
s=5—2—(1-2) +13(m—1)B;|. 21
e (1) -am- 8] @

The free swelling ratio 4o of the magnetic-driven block is obtained by combining Eqgs. (16) and (20) for s = 0 under no magnetic field
(B3 = 0). By taking the extension limit J;,—oo, the expressions for the neo-Hookean case can be easily derived, as the Gent model
reduces to the neo-Hookean model in this limit.

Combining Egs. (16) and (20), we first plot the nonlinear responses of equi-biaxially deformed neo-Hookean and Gent (J,, = 97.2)
ideal MAH blocks immersed in a solvent with different chemical potentials. The normalized permeability is set to 7 = 0.1, as shown in
Fig. 3. We consider the normalized in-plane normal stress s = 0, =+ 1 and the relative thickness L = 0.3, 0.8 as examples. Typically,
the response curve of a neo-Hookean material rises initially and then falls (Su et al., 2019). However, for the problem under
consideration, we observe an N-shaped response curve, which is characteristic of strain-stiffening materials such as the Gent material
(Su et al., 2018). This suggests that the presence of top and bottom walls of the tank induces a Gent-like deformation behavior in the
neo-Hookean ideal MAH block when i < 1. The onset of pull-in instability, as determined by the Hessian criterion (Zhao and Suo,
2007), is then observed in Fig. 3(a, b) for both ®./kT =0, — 0.01 (see orange curves). This behavior is essentially similar to that
shown in Fig. 3(c, d) for the Gent case. Interestingly, such phenomenon uniformly disappears as u increases to 0.6, even in the Gent
case, as illustrated in Fig. C1. It is important to note that the out-of-plane stretch A3 is constrained by the top and bottom walls.

Neo-Hookean: J,, » o Gent: J,, =97.2
(a) 1.5} ' ' ' u (c) 1.5} ' ' ' =01, ®/kT=0
>onset of pull-in
1.0 1
I~ I~
0.5 A
00 ! L | 1
0 3 4 5 6
AdAq AdAq
(b) 15F ' ' =01, ®kT=-001] (d) 15F
1.0t 1 1.0r
0.5} 05}
0.0 0.0
0 0
AdAq AdAg

Fig. 3. Nonlinear responses of ideal MAH blocks immersed in a solvent with different chemical potentials are analyzed for the normalized
permeability 7 = 0.1. The responses are plotted for L = 0.8 (solid curves) and L = 0.3 (dash curves), respectively. (a) ®./kT = 0 and (b) ®. /kT =
—0.01 for the neo-Hookean case; (c) ®./kT = 0 and (d) ®./kT = —0.01 for the Gent (J,, = 97.2) case. The normalized in-plane normal stress 5 =
0, +1 correspond to the black, red, and blue curves, respectively. The dotted curves are excluded from the nonlinear responses due to the geo-
metric constraint imposed by the tank (13 < 19/L). These panels demonstrate the occurrence of pull-in instability, which corresponds to the critical
peaks (dI/dJ; = 0) of the loading curves.
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Therefore, the dotted parts of curves are excluded due to the geometric constraint (43 < Ao /L). This constraint must always be followed
throughout the present discussion.

To further clarify the ‘magneto-geometry’ coupled pull-in instability, we plot the effect of normalized permeability on the onset of
pull-in for ideal MAH blocks immersed in a solvent, as shown in Fig. 4. Taking L = 0.8 as an example, Fig. 4(a, c) depict the contours of
critical current for the neo-Hookean and Gent (J;,, = 97.2) cases, respectively. These contours monotonically decrease with increasing
in-plane normal stress. Notably, only in the neo-Hookean case does the critical bound for the onset of pull-in exhibit a non-monotonic
character when the chemical potential difference between the block and the solvent vanishes, i.e., ®./kT = 0. Specifically, the cor-
responding cut-off permeability initially decreases as the in-plane normal stress increases to s =~ 1.589 and then conversely rises with
the further increases in stress. Although the increase in cut-off permeability is relatively smooth, the green extreme point
(0.01005, 1.58897) in Fig. 4(a) indicates that the onset of pull-in becomes inevitable for MAH blocks with a normalized permeability
small than ~ 0.010. However, this phenomenon is not observed in the case of ®./kT = —0.01 as shown in Fig. C2(a), nor in the Gent
case of ®./kT =0, — 0.01, as seen in Figs. 4(b) and C2(b). This suggests that a negative chemical potential and a reduced extension
limit may help suppress the onset of pull-in instability. On the other hand, the occurrence and vanishing of pull-in, as shown in Figs. 3
and C1, can be easily examined by the relative locations of the critical bounds of pull-in for L = 0.3, 0.8 and ®./kT = 0, —0.01 and six
representative cases. These cases are marked by star points (A-F) with 7 = 0.1, 0.6 and 5 = +1, 0, as depicted in Fig. 4(b, d) for the
neo-Hookean and the Gent cases, respectively.

We now examine the dependence of the in-plane stretch 41 /A on the normalized electric current I for immersed neo-Hookean and
Gent ideal MAH blocks with relative permeability # = 1.5 and relative thickness L = 0.3, 0.8, subject to in-plane normal stress s = +1,

0, as shown in Fig. 5. Unlike the cases depicted in Fig. 3 for i < 1, the application of a current-induced magnetic field results in a
decrease in A; with varying I, i.e., lateral contraction, a phenomenon similarly reported for incompressible soft dielectric plates (Su
et al., 2020). Concurrently, as the out-of-plane stretch 43 increases, the block may experience push-out instability, characterized by a
sudden increase in thickness when the current reaches a critical point at dI/d4; = 0. However, due to the geometric constraint of the
tank, A3 cannot increase beyond the upper threshold 4y /L. No pull-out phenomena are observed except for the case of (1, 5,®. /kT) =
(2, 1, — 0.01), as illustrated by the blue solid curves in Fig. C3(b, d). This suggests that, through careful structural and material
design, it is possible to trigger the pull-out instability in the material before it reaches the edge of the tank.
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Fig. 4. Effect of normalized permeability on the pull-in instability of neo-Hookean and Gent (J, = 97.2) ideal MAH blocks (7 < 1) immersed in a
solvent. (a) and (c) Contours of critical current for L = 0.8 and ®./kT = 0; (b) and (d) Critical bounds for L = 0.3, 0.8 and ®. /kT = 0, — 0.01,
respectively. The star points (A-F) represent complete cases composed of zi = 0.1, 0.6 and 5§ = +1, 0.
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Fig. 5. Nonlinear responses of ideal MAH blocks immersed in a solvent with different chemical potentials are analyzed for the normalized
permeability i = 1.5. The responses are plotted for L = 0.8 (solid curves) and L = 0.3 (dash curves), respectively. (a) ®@./kT = 0 and (b) ®. /kT =
—0.01 for the neo-Hookean case; (c) ®./kT = 0 and (d) ®./kT = —0.01 for the Gent (J,, = 97.2) case. The normalized in-plane normal stress s =
—1, 0, 1 correspond to the black, red, and blue curves, respectively. The dotted curves are excluded from the nonlinear responses due to the
geometric constraint of the tank (13/49 < 1/L).

4.2. Bifurcation analysis

To ensure robustness and convenience in numerical computation, we specialize to the generalized ideal magnetoelastic model with
decoupled variants I; and I5 (i.e., W13 = 0). In Section 3, explicit and compact bifurcation equations for wrinkling onset have been
established, replacing the cumbersome general formulae (B20) derived based on the earlier work (Xia, 2024). Specifically, for the
neo-Hookean case, given

2
— 1 _ Wes = 3B;/2 +4(J23§ —y) /J7 22)

the explicit form of wrinkling criterion for the immersed block can be reduced from Eq. (8) as follows

(2 +1)° {tanh(;zr;,»lng /:/)rl B {tanh(nzng /J)} = 1B3(1 — )
(r% — 1)r2r3 tanh(ﬂlng/J) (r% - 1) tanh(nlng/f/) /13 Lg 7 (23)

tanh™ (743Ly/7)

o _ 1
1 + ftanh {7[ <f — %) Nz

wherery = 41 /13 andrs = \/ 1-— (j% _ /12) / [(1 _ ﬁ),}ﬁg /24y — zg] , with & = 2z/k,, being the “wavelength” of wrinkles. Note that,

when the magnetic biasing field is removed, the bifurcation relation (23) recovers the purely elastic case as (Ogden and Roxburgh,
1993; Weiss et al., 2013)

(B+1)* {tanh(ﬂing/J/) rl B o0
4rrso  [tanh(zrsdsly /)] T\ 2+ ¢

Using the first expression in Eq. (16), the bifurcation equation can be expressed as
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- 1 25\ Lg al L . o L,
I - jtanh I:ﬂ (Z ﬁo) J} + coth (ﬂ/{gg; (r2+1)"tanh rsis P <7M ﬁ) 25)
(1 —mLis/do +H 22 —1)(1—p)* Tal3 )

The anti-symmetric thin- and thick-plate limits are then obtained by evaluating Eq. (25) for Ly/~—0 and Lg/-<"— 0, respectively, as

R _ R0 -2) -
(A =mL/2o+0/2s  \ s —1)"
and
1 (B+1)° L
. — 4|, A3=2A/L
I Na@-120@ -1 S
L 27)
1—pu)L/A +H/A
(1 —A)L/20 + /23 , @+1) (@*1)2_4 A3 < Ao/L
s A(E—-1)7%0%-1) Tal's B

Note that the case of 13 > 1o/L is excluded automatically to satisfy the geometric constraint.

Recalling the nonlinear response (19); withs; = 0, J,—o0, and i < 1, we find that the loading curve I-1; under no in-plane stress
can be used to represent the thin-plate limit of winkling (26) by scaling the current I with a factor of 1//1 — ji. These two cases become
equivalent only when the effect of external field vanishes (7 = 0). Additionally, the bifurcation relation for the short-wave limit takes
the form of a piecewise function, which depends on the characteristic out-of-plane stretch 1o /L.
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Fig. 6. Quantitative comparisons between present work and existing results are summarized as follows. (a) Critical stretch for the onset of wrinkles
on the surface of a swollen hydrogel (y = 0.1-0.3—0.5-1) with varying Nw (Weiss et al., 2013); (b) Critical stretch for the onset of wrinkles on a
reduced neo-Hookean ideal MAH block and a perfectly incompressible magnetoelastic soft plate under plane-strain conditions with the in-plane
stretch 4, = 1 and the out-of-plane stretch A3 adjusting accordingly; (c, d) Critical stretch for the onset of wrinkles under uni-axial loading with
the external Maxwell stress (Wu and Destrade, 2021; Xia, 2024).
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4.2.1. Comparison with existing results

To validate the present theory, we first revisit the surface wrinkling of a swollen hydrogel under an equal-biaxial pre-stretch (Weiss
et al., 2013). Using the reduced bifurcation Eq. (24) with Lg/.¥"— o0, we reproduce the critical pre-stretch for the onset of wrinkles on
the surface of the swollen gel, as shown in Fig. 6(a). For three values of y (0.1, 0.3, 0.5), our results agree well with those obtained by
Weiss et al. (2013), with neglectable differences observed for very small Nw (~ 10~*). As the nondimensional y increases from 0.1 to 1,
the critical curves flatten with varying Nw, uniformly approaching the classical critical stretch for incompressible rubber under
equi-biaxial compression (1. = ~ 0.67) (Biot, 1963). This suggests that, when the polymer network is highly crosslinked, the gel
behaves like an incompressible elastomer/rubber.

To further validate our theory, we compare it with existing predictions for nearly/perfectly incompressible magnetoelastic soft
plates (Wu and Destrade, 2021; Xia, 2024). Without loss of generality, we assign the MAH block the following parameters: Nw =1,y =
10, and ®./kT = 0. The normalized permeability is set to i = 5/3 to align with the existing works mentioned above. The critical
stretch for onset of wrinkling under a magnetic biasing field is illustrated in Fig. 6 (b-d) for cases with the plane-strain constraint and
uniaxial loading, respectively. As seen from the critical curves for the thin-plate limit (kyL; = 0), kwLg = 1 and/or 2, and short-wave
limit (kyLg— o), the predictions of present theory for a highly crosslinked hydrogel closely reproduce those previously reported for the
wrinkling of nearly/perfectly incompressible magnetoelastic soft plates. This includes the differences induced by the constraint of

deformation for resisting the external Maxwell stress (A3 > B3+/(7 — 1)/2).

4.2.2. Thin-plate and short-wave instabilities

We now consider the case of L = 0.8 to examine the wrinkling behavior of equi-biaxially stretched (1; = 4») neo-Hookean and Gent
ideal MAH blocks immersed in a solvent with varying chemical potentials and a normalized permeability i = 0.1, as shown in Fig. 8.
The critical curves for the thin-plate limit (Lg/ £ —0), Ly/Z" = 0.2, and the thick-plate limit (Ly/#—c0) are depicted by black, blue,
and red lines, respectively. Only the solid parts of these curves are physically feasible due to the geometric constraint of the tank. The
nonlinear responses of the block for s = 0, depicted by gray lines, are reproduced from Fig. 3 to calibrate the initial reference state. As
clearly seen in Fig. 8, the curves for the thin-plate limit are consistently positioned above those for 5 = 0. This behavior is expected
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Fig. 7. The wrinkling behavior of ideal MAH blocks immersed in a solvent with varying chemical potentials is analyzed for a normalized
permeability 77 = 0.1 and a relative thickness L = 0.8. (a) ®./kT = 0 and (b) ®./kT = —0.01 for the neo-Hookean case; (c) ®. /kT = 0 and (d) @,
/kT = —0.01 for the Gent (J,, = 97.2) case. The critical curves of I versus A; /1o for the thin-plate limit, Lg/ = 0.2, and the thick-plate limit, and
the nonlinear response for 5§ = 0 are depicted by black, blue, red, and gray lines, respectively. All curves satisfy the geometric constraint of the tank
(23 < Ao/L), with the case of A3 = 1o/L marked by crosses.
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because the scaling factor 1/+/1 — ji is always greater than 1. This suggests that wrinkling in an infinitely thin block must be induced by
an in-plane compression (s < 0). The critical compression required for the wrinkling in contraction decreases as L, /. increases to 0.2,
indicating a significant stabilizing effect with increasing thickness. However, this effect diminishes progressively as the normalized
critical stretch A; /Ao increases. This is evidenced by the gradual convergence of the critical curves for Ly /" = 0.2 toward those for the
thin-plate limit Fig 7.

As seen in Fig. 8(a) for 7 = 0.1 and ®./kT = 0, the critical curve for the thick-plate limit drops below that corresponding to s = 0
when the critical stretch increases to a certain value. This implies that increasing thickness can eventually induce wrinkling of the
block in extension. When compared with the observations from Figs. 8(b, ¢, d) and C4, wrinkling in extension may be suppressed by
either increasing the normalized permeability 7, or decreasing the chemical potential ®./kT and the extension limit J,,. Moreover, it is
quite interesting to note that the magnitude of “mutation” at A3 = lo/L, which has been explicitly predicted in Eq. (27), could be
enhanced with the increasing i, as seen in Fig. C4 for i = 0.6. As a result, the critical curves for the thick-plate limit are entirely located
above those for the thin-plate limit. This suggests that the surface wrinkling of the immersed block with 7z = 0.6 always occurs at the
thin-plate limit. The parallel results observed in Figs. 8 and C5 for L = 0.3 exhibit essentially identical behavior to that shown in Figs. 8
and C4. The most notable distinction between them is that the critical curves are not influenced by the geometric constraint as the
upper threshold value of the out-of-plane stretch increases from 1.25Jy for L = 0.8 to ~ 3.334, for L = 0.3.

We now examine the wrinkling behave or of the similar immersed MAH blocks but with a normalized permeability of 7 = 1.5, as
shown in Fig. 9. The same critical situations and the initial state of s = 0 as presented in Fig. 8 are applied here for easier comparison.
The response curves for 5§ = 0 show that the magnetic biasing field generated by I induces an expansion in thickness (131) and a
reduction in equi-biaxial in-plane stretch (1; = 42/). Unlike the results shown in Fig. 8, these response curves exhibit a tendency
opposite to the critical curves for the thin-plate limit, indicating the occurrence of wrinkling in extension for the thin blocks with sz > 1.
Considering the exclusion of dotted parts for 43 > 19/L, we observe that wrinkling in the blocks may occur with either an expansion in
thickness, as shown in Fig. 9(a, c) for ®./kT = 0, or a reduction in thickness, as shown in Fig. 9(b, d) for ®./kT = — 0.01. This reveals
a possible competition mechanism between the effect of tensile external Maxwell stress applied on the thin blocks and the effect of the
negative chemical potential on the critical in-plane stretch. The same mechanism remains valid for cases of Ly/Z = 0.2, as
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Fig. 8. The wrinkling behavior of ideal MAH blocks immersed in a solvent with varying chemical potentials is analyzed for a normalized
permeability 7 = 0.1 and a relative thickness L = 0.3. (a) ®./kT = 0 and (b) ®./kT = —0.01 for the neo-Hookean case; (c) ®. /kT = 0 and (d) @,
/kT = —0.01 for the Gent (J,, = 97.2) case. The critical curves of I versus 4; /1o for the thin-plate limit, Ly/~ = 0.2, and the thick-plate limit, and
the nonlinear response for 5§ = 0 are depicted by black, blue, red, and gray lines, respectively.
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Fig. 9. The wrinkling behavior of ideal MAH blocks immersed in a solvent with varying chemical potentials is analyzed for a normalized
permeability 7 = 1.5 and a relative thickness L = 0.8. (a) ®./kT = 0 and (b) ®./kT = —0.01 for the neo-Hookean case; (c) ®. /kT = 0 and (d) @,
/kT = —0.01 for the Gent (J,, = 97.2) case. The critical curves of I versus 1; /1o for the thin-plate limit, Lg/< = 0.2, and the thick-plate limit, and
the nonlinear response for 5§ = 0 are depicted by black, blue, red, and gray lines, respectively. All curves satisfy the geometric constraint of the tank
(13 < Ao/L), with the case of A3 = 1o/L marked by crosses.

demonstrated by the comparable evolution of the blue curves with increasing 4, /¢ in Figs. C6(a, ¢) and C6(b, d). As observed in Figs. 9
(b, d) and C6(a-d), the critical curves for Ly/ = 0.2 consistently initiate on the left-hand side of the response curves for s = 0,
indicating that wrinkling occurs during in-plane contraction. However, since the critical out-of-plane stretch exceeds Ao /L, the critical
points near the initiation region are excluded and cut off by the crosses. When the critical curves shift to the right-hand side of the
response curves, no convergence is observed toward the critical curves for the thin-plate limit with wrinkling emerging during in-plane
extension.

As depicted in Figs. 9(a, ¢) and C6(a, c), the critical curves for the thick-plate limit are entirely excluded since the critical A3 is
always greater than Ao /L for the MAH blocks with I = 0.8. In contrast, as seen in Fig. 10 for the parallel results with L = 0.3, wrinkling
occurs during both in-plane contraction and extension for the neo-Hookean case with ®./kT = 0, as shown by the solid red curves in
Figs. 10(a) and C7(a). However, wrinkling is observed only during in-plane contraction in the Gent case with ®./kT = 0 as shown by
the corresponding solid red curves in Figs. 10(c) and C7(c), and in both cases with ®./kT = — 0.01, as shown in Figs. 10(b, d) and C7
(b, d). These observations suggest that the wrinkling behavior of the immersed MAH blocks is significantly influenced by the relative
thickness L, the normalized permeability 7, the extension limit J;,, and the chemical potential ®./kT.

4.2.3. Critical curves for wrinkling under a certain magnetic field

We then further examine the specific wrinkling behaviors of the immersed MAH blocks under a given current. Figs. 11 and 12 show
the critical curves of the normalized in-plane stretch 4; /4o versus the ratio of Ly to . for the equi-biaxially constrained neo-Hookean
and Gent ideal MAH blocks immersed in the solvent, with the normalized permeabilities 7 = 0.1, 0.6, 1.0 and 7 = 1, 1.5, 2.0,
respectively. The chemical potential between the block and the solvent is set as ®./kT = O for illustration. The blocks are subjected to
sequential current I = 0.1, 0.35, and 0.6. Since antisymmetric wrinkling typically occurs first, symmetric wrinkling is omitted for
conciseness. In both figures, the critical curve for i = 1 serves as a reference, where the block behaves as an effectively elastic material
with vanishing Maxwell stress.

First, consider the case of i = 0.6, shown by red curves in Fig. 11, as the biasing current increases from 0.1 to 0.6. These curves
exhibit a pattern similar to the black critical curve for the reference case ( = 1), monotonically decreasing from the thin-plate limit (Lg
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Fig. 10. The wrinkling behavior of ideal MAH blocks immersed in a solvent with varying chemical potentials is analyzed for a normalized
permeability 7 = 1.5 and a relative thickness L = 0.3. (a) ®./kT = 0 and (b) ®./kT = —0.01 for the neo-Hookean case; (c) ®. /kT = 0 and (d) @,
/kT = —0.01 for the Gent (J,, = 97.2) case. The critical curves of I versus 1; /1o for the thin-plate limit, Lg/< = 0.2, and the thick-plate limit, and
the nonlinear response for 5§ = 0 are depicted by black, blue, red, and gray lines, respectively. All curves satisfy the geometric constraint of the tank
(13 < Ao/L), with the case of A3 = 1o/L marked by crosses.

/< = 0) to the cut-off point at A3 = 19/L. And the critical curves consistently reach the maximum stretch at the thin-plate limit,
confirming that wrinkling first occurs at this limit, as suggested in Fig. C4(a).

We then move to the case of 7 = 0.1 as depicted by the blue curves in Fig. 11. When the current applied is relatively low, see, Fig. 11
(a, d) for I = 0.1, the critical curves show the same trend as those for other two cases (# = 0.6 and 1.0). The critical stretches for the
initiation of wrinkling (in contraction) are observed to increase as i decreases (1.0~0.6—0.1), with values of 1.0—-1.0003—1.0080
and 1.0—1.0003—1.0052, respectively. This suggests that the increasing zi (< 1) may stabilize the immersed block, which aligns with
previous findings for magnetic soft plates (Xia, 2024).

As the biasing current increases toI = 0.35, two additional critical curves emerge in Fig. 11(b) for the neo-Hookean case, indicating
the first encounter of the wrinkling in extension at 1, /49 = ~ 1.4617. It should be noted that this critical stretch leads to wrinkling at L
/< =~ 1.04, rather than at two previously mentioned limits with 1; /4o =~ 1.4757 and ~ 1.4618, respectively. This anomalous local
minimum has been reported in our previous work for the wrinkling of compressible soft electroactive plates (Xia et al., 2021), which
may be attributed to the compressibility of block. When the biasing current further increases from I = 0.35 to 0.6, see, Fig. 11(b, ¢, e, f),
the stability of the block deteriorates. The minimum in-plane stretches required to remain stable in the antisymmetric mode are
determined by the thick-plate limit at 4; /49 =~ 4.1242 and at the thin-plate limit 4, /1 = ~ 1.8297, respectively. This highlights the
stabilizing effect of decreasing the chain extension limit (J,, : c0—97.2). For other values of applied current, and chemical potentials,
the reader may refer to Figs. C8-C11 for additional details, which show the similar pattern.

From Fig. 11, it can be concluded that the geometric constraint of the tank may prevent the appearance of certain specific wrinkling
cases but has no influence on the first encounter of wrinkling for immersed MAH blocks with i < 1. This observation encourages us to
further investigate the effect of this constraint on the wrinkling behaviors of immersed MAH blocks with # > 1, as shown in Fig. 12.
When the applied current is relatively low, see, Fig. 12(a, d) for I = 0.1, the neo-Hookean and Gent MAH blocks wrinkle in both
contraction and extension for 7 = 1.5 and 2.0. Similar to Fig. 11 for i < 1, wrinkling in contraction is triggered at the thin-plate limit
and remains unaffected by the geometric constraint. However, this constraint may prevent wrinkling in extension from occurring at the
thin-plate limit as expected. For instance, as seen in Fig. 12(b), such wrinkling is first observed at
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Fig. 11. The critical curves of 4, /Ay versus Ly /. are shown for ideal MAH blocks with diverse permeabilities (# < 1) immersed in a solvent with @,
/kT =0 and L = 0.8. Panels (a)-(c) correspond to the neo-Hookean case with I = 0.1, 0.35, 0.6, respectively, while panels (d)-(f) correspond to the
Gent (Jm = 97.2) case with the same I values. The blue, red, and black curves represent antisymmetric wrinkling for blocks with 7 = 0.1, 0.6, 1.0,
respectively, satisfying the geometric constraint of the tank (13 < 19/L). Crosses mark the case where 13 = Ao /L.

(Lg /L2 [20) = (~0.116, ~ 2.689) for i = 2.0. As the biasing current increases (I = 0.35—0.45—0.5—0.55—0.6—0.8—1.0), see,
Figs. 12(b, c, e, f) and C12-C15, the stable region monotonically decreases and eventually vanishes. This again suggests that the
immersed blocks with higher zz (> 1) are more susceptible to instability, consistent with previous findings for magnetic soft plates (Xia,
2024).

However, an interesting question remains unanswered: Should the excluded critical in-plane stretch for the wrinkling be added to
the stable region or notox To address this, we need to clarify whether other compatible stretches A3 < Ao /L exist that can satisfy the out-
of-plane boundary condition given in Eq. (18) while maintaining the prescribed in-plane stretches. To this end, the critical touching
between the wrinkled MAH block and the tank is investigated, as illustrated in Fig. 13. For example, considering the neo-Hookean cases
of i =0.1, 0.6, 1.0, 1.5and 2.0, we plot the critical current I against the characteristic geometry of wrinkling L; /- in Fig. 13(a) and
the corresponding curves against the in-plane stretch in Fig. 13(b), respectively. Here the out-of-plane stretch 13 is fixed as Ao /L. Using
the case of i = 1.0, see, the black lines in both panels, as a reference, the correspondence between the curves of the same color in
Fig. 13(a, b) can be easily identified.

For the case fi < 1, the critical L,/ initially increases while the critical A;/1o decreases with increasing biasing current I.
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Fig. 12. The critical curves of 1, /4 versus Ly /" are shown for ideal MAH blocks with diverse permeabilities (7 < 1) immersed in a solvent with ®.
/kT =0 and L = 0.8. Panels (a)-(c) correspond to the neo-Hookean case withT = 0.1, 0.35, 0.6, respectively, while panels (d)-(f) correspond to the
Gent (J;, = 97.2) case with the same I values. The blue, red, and black curves represent antisymmetric wrinkling for blocks with 7 = 2.0, 1.5, 1.0,
respectively, satisfying the geometric constraint of the tank (13 < Ao/L). Crosses mark the case where 13 = 1o /L.

Eventually, they both vanish when the current exceeds certain values, e.g., I’;ji'l =~ 0.6146 and I’,;j‘;ﬁ =~ 1.368, as seen in Fig. 13(a,
b). These extreme values, as marked by crosses, correspond to critical Ly/ approaching infinity and minimum critical 4; /Ao of ~
0.6475 and ~ 0.6041, respectively. Recalling the wrinkling behaviors shown in Fig. 11, these critical points always occur during
wrinkling in contraction and do not affect the onset of surface instability in the immersed MAH blocks with i < 1.

For the case of 7 > 1, as shown by the olive and orange curves in Fig. 13(a, b), two branches may exist. Taking the case of i = 2.0 as
an example, one branch begins at (I, Lg /7, 41 /A9) = (0, ~ 0.1601, ~ 0.7082) and ends close to ( ~ 0.5281, + oo, ~ 0.8273),
while the other begins at (~ 0.3841, 0, ~ 2.0419) and ends close to ( ~ 0.3285, + oo, ~ 2.4343). Referring to the wrinkling be-
haviors as shown in Fig. 12, we suggest that the first branch corresponds to the critical points during wrinkling in contraction, while the
second one corresponds to those during wrinkling in extension. Thus, the first branch exhibits a pattern similar to the critical curves for
#i < 1, whereas the second branch requires further clarification.

We now turn to Fig. 13(c) to examine the nonlinear responses of the immersed MAH blocks with i = 1.5, represented by the curves
of A3/Ag versus 1; /4o under diverse currents of I = 0.1, 0.2, 0.35, 0.5, 0.6, 0.8, and 1.0. These response curves exhibit closed-loop
behavior, likely due to the interplay between the material compressibility and the tensile Maxwell stress. Notably, the area of these
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Fig. 13. Encounter of critical touching between the immersed neo-Hookean ideal MAH block during wrinkling and the tank with &, /kT = 0 and L
= 0.8. (a) Critical curves of I versus Ly /. for A3 = Jo/Land i = 0.1, 0.6, 1.0, 1.5 and 2.0; (b) Critical curves of I versus 4, /Ao for i3 =19 /Land i =
0.1, 0.6, 1.0, 1.5 and 2.0; (c) Nonlinear responses under diverse currents I = 0.1, 0.2, 0.35, 0.5, 0.6, 0.8, 1.0 and i = 1.5; (d) Combination of
enlarged critical curves of I versus 4; /4o for 13 = Ao/L and nonlinear responses of the MAH blocks with 7 = 1.5 and 2.0, respectively. The dotted
curves are excluded from the nonlinear responses due to the geometric constraint of the tank (13 < 1/L).

loops monotonically shrinks as the biasing current increases. By applying the geometric constraint, points above the reference line i3
/Ao = 1/L are excluded, as indicated by the dotted curves. Recalling the in-plane stretch of ~ 0.709 for the excluded critical curve in
Fig. 12(a) for I = 0.1, we observe two out-of-plane stretches along the reference line 13/4g = 1/L, respectively. The critical curves
shown in Fig. 13(b) for 7 = 1.5 and 2.0, with the nonlinear responses under varying biasing currents, are then enlarged in Fig. 13(d).
Interestingly, both branches of the critical curve, see, the olive and orange solid curves, in fact belong to the same response curve, see,
the olive and orange dotted curves. Since the regions below these response curves define the available range of the in-plane stretch, we
can conclude that the geometric constraint may enhance the surface stability by preventing certain critical deformation states that lead
to wrinkling in extension. For additional insights, the reader may also refer to Fig. C16, which presents parallel results of the Gent case.

5. Conclusions
5.1. Results of the current paper

This paper presents a comprehensive investigation into the wrinkling instability of a magneto-active hydrogel block under the
influence of an external magnetic field. The block is immersed in a tank filled with a magnetic solvent, where a magnetic biasing field is
established by an electromagnet with poles situated at the top and bottom of the tank. By incorporating Ampere’s circuital law, we
formulate the nominal magnetic field intensity as a function of the current passing through the electromagnet’s coils.

Utilizing generalized neo-Hookean and Gent ideal magnetoelastic models, we first derive the nonlinear responses characterized by
the normalized in-plane nominal stress § and the normalized current I for the hydrogel block undergoing in-plane biaxial stretching and
a transverse magnetic biasing field. The identification of magneto-mechanical instability (if exists) is achieved through the Hessian
criterion, i.e., dI/dJ; = 0. We then establish compact explicit bifurcation relations for both antisymmetric and symmetric wrinkling
patterns by integrating the surface impedance matrix method with the Stroh formulation.

Through numerical analysis, we have identified two distinct scenarios based on the normalized permeability 7.

For the case of i < 1, the nonlinear response curves may exhibit a characteristic pull-in phenomenon, e.g., Figs. 3 and 4, which
arises directly from the geometric constraint. While the wrinkling evolution maintains an essential similarity to that observed in
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magnetoelastic plates without external fields, the critical curves in the thick-plate limit undergo a significant “mutation” around 13 =
Jo/L. Importantly, although the geometric constraint can inhibit the development of certain wrinkles, it does not affect the initial onset
of wrinkling. Furthermore, surface instability intensifies as the normalized permeability decreases, eventually reaching a state
equivalent to that of an elastic body when i = 1.

In the contrasting scenario of 77 > 1, the corresponding nonlinear response curves may show a pull-out instability. However, this
abnormal phenomenon may not occur in practice due to the geometric constraint. Increasing y can significantly destabilize the
immersed blocks, leading to wrinkling patterns that differ from those observed in the case of i < 1. Nevertheless, the geometric
constraint may suppress such wrinkling conditions to some extent, providing a stabilizing effect on the block.

5.2. Potential implications

MAHs operating in liquid environments are not merely of academic interest but address real technological needs across multiple
domains. The revealed pull-in/pull-out phenomena provide fundamental insights into how environmental conditions (e.g., solvent
properties) dramatically alter instability mechanisms compared to conventional MAH systems in air. The discovery that geometric
constraints suppress certain wrinkling modes—while not affecting initial onset—offers new design principles for controlling surface
morphology in fluid-structure-field coupled systems. Our predictions can guide practical implementations for designing smart actu-
ators and sensors operating in aqueous environments.

Potential applications include providing a theoretical understanding of instability-driven mechanisms in untethered magnetic soft
actuators (Hu et al., 2018; Huang et al., 2016) and underwater shape-morphing soft machines (Alapan et al., 2020), as well as
modulating the release kinetics of magnetically controlled drug delivery systems (Li and Mooney, 2016; Zhao et al., 2011). Addi-
tionally, our findings can aid in preventing failure in lab-on-chip devices fabricated using ferrofluids and soft magnetic materials
(Nguyen et al., 2007). Furthermore, recent work on ferrogels—hydrogels with embedded magnetic particles immersed in carrier fluids
(Thévenot et al., 2013; Zrinyi et al., 1997)—demonstrates the practical feasibility of such systems.

Our theoretical framework provides the predictive capability to rationally design these systems, enabling the determination of
critical field strengths, optimal permeability ratios, and geometric constraints to achieve desired morphological transitions while
avoiding unwanted instabilities.

5.3. Limitations

In the present work, we adopt a quasi-static approach by focusing on the mechanical stability of the hydrogel after it has reached
thermodynamic equilibrium with a solvent. At this equilibrium state, the chemical potential of the solvent molecules within the gel
network equals that in the external solvent. This simplification allows us to decouple the mechanical instability problem from the
transient diffusion dynamics, enabling a tractable analytical framework for understanding the fundamental wrinkling mechanics
under magnetic actuation. However, this simplification neglects the potential influence of transient chemo-mechanical coupling on the
onset and evolution of instabilities. It should be noted that the time-dependent inhomogeneous swelling may trigger different insta-
bility modes during the transient phase. Future research should incorporate transient chemo-mechanical coupling effects to provide a
more comprehensive understanding of magneto-active hydrogel instabilities.

In addition, the application of a magnetic field can influence both the viscosity and diffusivity of magnetic solvents or magnetic soft
materials. For the latter, such as magnetorheological elastomers, this may lead to magnetic-driven anisotropy due to the redistribution
of magneto-active components (Gonzalez-Saiz et al., 2025). This anisotropy inevitably introduces additional complexity in predicting
the surface instability of MAH blocks, potentially either enhancing or suppressing the onset of wrinkling when compared to the
isotropic case. To simplify the mathematical modeling, we assume field-independent diffusion in our work, which is consistent with the
standard framework widely used in the active gel study (Gebhart and Wallmersperger, 2019; Liu et al., 2023; Tang et al., 2025; Xia,
2025). Previous theoretical and experimental studies on similar systems have routinely decoupled the magnetic effects from the mass
transport process (Garcia-Gonzalez and Landis, 2020; Gonzalez-Rico et al., 2024). This approach is justified when the characteristic
time for magnetic particle reorganization is much shorter than that of solvent diffusion, allowing these processes to be treated
separately in the leading-order approximation.
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Appendix A. Nonlinear magnetoelasticity and its linearized incremental version

The primary motivation of this section is to provide additional details about the formulations presented in the main text. The
appendix is self-contained, and some expressions from the main text are repeated for the sake of readability.

As assumed in the main text, the MAH block swelling in a solvent with magneto-mechanical biasing fields always stays in an
equilibrium state, allowing it to be treated as an effective magneto-active elastomer. Hence, we begin by introducing the nonlinear
field theory of soft magneto-active (SMA) materials, following the framework established by Dorfmann and Ogden (2014). Taking the
virtual dry network as the reference configuration, the “gel” body initially occupies a region, Qy, with boundary, 9, where any
material element is denoted by its position vector, X(X7,X>,X3). When the dry body absorbs the solvent and reaches an equilibrium
state under mechanical load and magnetic stimuli, the material points in the body move to new positions, one of which is described by
spatial coordinates, x(x1, X2, x3) in the initial configuration. The gel in such state occupies a new region of Q with boundary of dQ. The
overall deformation of the body can be defined via the deformation gradient F = dx/dX, with the volume ratio J = detF. The left and
right Cauchy-Green tensors associated with the deformation gradient are given by b = FFT and ¢ = F'F, respectively, where the
superscript “T” denotes transpose. The free energy density function of the gel W(F, B)) satisfies W(I,0) = 0, where I is the identity
tensor for undeformed state, B, is the nominal magnetic induction field. The nonlinear constitutive relations are then expressed as

w _w (A1)

where the nominal stress tensor T = JF~'7 and the nominal magnetic field intensity H; = F'H are the pull-back versions of the Cauchy
stress 7 and the true magnetic field H. For a general isotropic and homogeneous SMA body, the constitutive relations can be further
expressed as

Jr = 2W1b + 2W, (b — b®) + 2, W3l + 2J°WsB ® B + 2WeJ?(B ® bB + bB @ B), (A2)
Jrjy = 2Wibj; + 2Wa (Iibj; — bbi) + 2Wsls8j; + 2J*WsB;B; + 2WeJ? (BibuBx + byBiB;),

H=2J(W,b"'B+ W;sB + WebB), Hy = 2J(Wab,;'B; + WsBx + WebyB:), (A3)

where i, j, k =1, 2, 3, Wy, =0dW/dl,, (m =1, 2, ..., 6), the true magnetic induction field B is related to the nominal one by B =
J-1FBy, and the six independent invariants for isotropic SMA gels are given by: I; =trc,I, = [(trc)2 - tr(cz)} /2,13 =detc, I, =B, - By,
15 = Bl . (CBl), 16 = B1 . (CZBI).

The constitutive relations in Eqs. (A2) and (A3) are rather lengthy but can be significantly simplified for some special forms of the
free energy density. In this study, the free energy of a polymeric gel arises from stretching, and we adopt the following form for the free
energy density function

W=W,+ Wy, +W,—0C, (A4)

where @, is the constant chemical potential of the swollen gel or external solvent at equilibrium, C is the nominal concentration of the
solvent in the gel, and Ws, Wy, and W, represent the free energy contributions from the stretching of the polymer network, the mixing
between the polymer network and solvent, and the polarization of the gel. Below, we describe each of these contributions in detail.
First, the free energy associated with stretching the polymer network is given by (e.g., Flory (1953))

W, = %NkT(FiKFiK —3-2InJ) = %NkT(Il —3—Inly), (A5)

where N is the number of polymer chains per unit volume of the dry network, k is the Boltzmann constant and T is the temperature.
Second, the free energy of mixing the polymers and the solvent takes the form (Flory, 1942; Huggins, 1941)

W = fk—wT {(ﬁf 1>ln<1 +

1 X

where w is the volume per solvent molecule, and y is a dimensionless parameter characterizing the enthalpy of mixing. Here, the
assumption of molecular incompressibility is applied implicitly, leading to

J=1+wC. (A7)
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In this paper, we assume the gel is an ideal magneto-elastic body (Xia, 2024), with the free energy of polarization given by
B’ I
W,=—=—2 (A8)
T
where y is the total magnetic permeability of the gel. This implies that the magnetic constitutive Eq. (A3) is not influenced by
deformation. However, since the magnetic properties of the solvent and the network molecules are usually different, the total
permeability is thus a function of the solvent concentration, y(C). The effective magnetic permeability of the gel may be estimated
based on the volumetric average of the fluid and the solid phases as
Hs + wCﬂf

—s - — A9
F="aCc+1 (A9)

where y; and y, are the permeability of the fluid and the solid phases, respectively.
By substituting Eqs. (A5), (A6) and (A8) into (A4) and incorporating the constraint (A7), we construct the specific free energy
function in terms of deformation gradient F, the nominal magnetic induction field B;, and chemical potential of solvent, u, as

I (0N
Wl Is, Is) = Wy(I, Is) + Wi (Is) + 2ﬂfr = (VL -1). (A10)

Correspondingly, the nonlinear response and magnetic field of the gel simplify to

2W; 1 1 2W; 1 1
== Lb— (¢ —w)I) + i (B ®B-5B 'BI>7 7 = Tl [bji — (¢ — )] + u (BjBi - EBmBméﬁ) (A11)
where I is the identity tensor, and
J? JB.,B 2J2 JB.B
= (W3 + 22 Wy3) — ——— W3 + J*W. 7 Al3
¢ A ( 3+ 33) Wi’ v = A ( 3+ 33) AW (A13)

with Was = 0% W/0I2. Here and below, repeated indices follow the Einstein summation convention unless otherwise stated.

For the wrinkling problem presented in the main text, the magnitude of wrinkles can be approximated as an incremental infini-
tesimal perturbation superimposed on the constrained swelling state. We denote the infinitesimal deformation by x, where dotted
variables represent incremental quantities. For example, T, H), and B, are increments in T, H, and B;, respectively. In this manner, the
incremental equilibrium equations can be written in the Eulerian form as

divT, =0, curlHyp, divBy, =0, (A14)
where Ty =J 'FT, Hy, = F "Hy, and B,y = J ' FB, are “push-forward” versions of the incremental stress, incremental magnetic field

vector, and incremental magnetic induction vector, respectively. The corresponding constitutive equations can be obtained by linear
differentiation of Eq. (A1) and rearranged as

To = /oL + ToBy, Hig =IoL + KBy, (A15)

where %/, I, and Ky are the fourth-, third-, and second-order instantaneous material tensors, respectively. Their components are
defined by

6 6 6 °r,
) oL, o 0’1 )
A ojire = J ' Fi Fyg Wi = A owis (A16)
m:lz#‘t n:;# 0F, BF kp m:; "oF, “aF ks
ool ( 3 Sowige S ow T ) - a17)
0jik = ]a ik mn m = 1 oijk;
L Pt oF;, ()Bl,; £~ "0F;,0By;
6 6 6 2
oL, oI, 0Ly
Ko = JF,, F Wi Win————| = Ko, A18
0Ojk aj (; ; oBla aBU; + ; mdBlaaBl[} Okj > ( )

where Wy, = 0*W/(01,,0I,,). The Roman and Greek subscripts correspond to the reference and initial configurations, respectively. L =
gradu is the displacement gradient with respect to x and u = x(X) = u(x) is the incremental displacement vector. With substitution of
F = diag(/1, A2, 43) and combination of Eqs. (A10)), (A16)-(A18) reduce to

- 1
Aojise = 27 W1 [FiuFiabac + widu + (& — w)Spedu] +p " |:BjBl‘$ik — 6jiBiBx — 6xB;B; + EBmBm (8510w + 8xdx) | = - owi; (A19)
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Tojc = p~ " (85cB; + SkiBj — 3:iBr) = Toix, (A20)
Ko = 1" = Kok, (A21)

with the following nonzero components:

<W01111 = 2J71 W] (ﬂ? + C) +/471B§, <W02222 = 2J71 Wl (ﬂg + z:) +H71B§,
A ozz33 = 207 Wy (/15 + C)7 A o122 = 207 Wiy +;4’1B§/27
S onzs = Sozs11 = Yopazs = A ozzz2 = 2J Wiy — "B /2,

—1 2 7 —1 2 (A22)
*WOIZIZ = "WOIBIB =2J W1/117 J/OZIZI = "(3/02323 =2J le' b
Hoz1 = o112 = Y1331 = Zo3113 = Yozzz2 = Yosoos = 20 W, C—w)+ /47133/27
Somis1 = S ozsz = 20 W13+ p B3,
Tonis = ozas = —p¢ 'Bs, Torz1 = Foan = Tozs2 = Dosoa = Tosss = 4 ' Bs, (A23)
Ko =Kozz =Koss = p " (A24)

With the effect of the external magnetic field considered, the incremental boundary conditions are generally given by

[Ty — " +¢L" — (divu)'|n=£,, [Bo+LB —B — (divu)B’]-n=0, (Ho—L'H —H')xn=0, (A25)

where £, denotes the incremental mechanical traction per unit area on 02, the Maxwell stress tensor 7* outside the material reads

: 1
=)' |B oB - 5B B, (A26)

and its incremental version 7 becomes
B =uyH, *=W)"'BoB +B B — (B -B)I|. (A27)

In the present case, magnetization is ignored. Hence, the external magnetic induction B* relates to the external magnetic field
intensity H* by B* = ;/H", and their increments follow B~ = y/H'". Here 4/ is the permeability exterior to the material.

Appendix B. In-plane wrinkles under out-of-plane magnetic bias

In this appendix we focus on the formation of wrinkles on the traction-free surface of the MAH block using linearized incremental
theory of magneto-elasticity (Dorfmann and Ogden, 2014). The incremental fields induced by wrinkling are assumed to be harmonic in
one of the in-plane principal direction and exhibit a plane-strain character. Without loss of generality, we consider two dimensional
(2D) wrinkles characterized by the incremental displacement u = u(x;, x3) and incremental magnetic scalar potential ¢ = ¢(x1,x3).
The incremental magnetic scalar potential ¢ is defined via Hy = — gradg, where dotted variables represent incremental quantities
throughout this analysis.

B.1. Stroh Formulation

Following the solution routine as shown in Xia (2024) but omitting details, we may formulate the boundary value problem of
wrinkling in the Stroh form and then obtain the bifurcation relations by utilizing the surface impedance matrix method. We use the
following form

{u1,u3, Bios, Tos1, Toss, p} = € {k 7' Uy, k™' Us, A, iZa1,i%53, k' @}, (B1)

where u; and us are the components of the incremental displacement in x;- and xs-directions, respectively, To3; and To3s are the
corresponding incremental stresses at the main surfaces of gel, Bjos is the only non-zero component of the incremental magnetic in-
duction field, Uy, Us, 231, X33, A and ® are functions of kxs3 only, #" = 2z /k is the ‘wavelength’ of wrinkles with k being the positive
‘wavenumber’.

We introduce the non-dimensional Stroh vector as 7 = [U §]T with following normalization notations implicitly applied

>

L - T
U=[U, U ]T:[Ul Us A/\/Gﬂg}Ta 5=[%y %3 0= Z31/G Z33/G @ Mg/G]v (B2)

where G denotes the initial shear modulus of the gel block. Here, the superimposed bar indicates a dimensionless measure throughout
the paper. The boundary value problem can then be expressed in the Stroh form as
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. Nl I_VZ —
N, N |"

where N is the Stroh matrix and “1” denotes the Hermitian operator, and

0 Tyz/ap — 1 0 1/a 0 —Bl/ﬁl
N, = |-a/a 0 /@ |, No= 0 1/a, 0 )
0 —b1733/a 0 ~by/a;, 0 ay/a
@ /a; —as 0 @301 /T — C2
N, = 0 T3, /T — T3 — T 0
@3¢1 /T — C; 0 ¢ /ay—d

(B3)

(B4

Here, @,...,ds, b1, €1, C2, d are magneto-elastic coefficients evaluated for a given biasing fields and a specific constitutive model with
general expressions provided in Xia (2024). Additionally, 711 = 711 /G and 733 = 733/G are normalized Cauchy stresses. In this study, we

consider the effect of magnetic field exterior to the block, yielding: 733 = 755/G = ﬁﬁg /2 with zi = g /ps and B; =B; /, /Glg.
For Eq. (B3), where the Stroh matrix N has constant entries, the solution can be expressed in an exponential form as

T 6
fi(kxs) = {g((;:xxj))] = ;hjﬁg)eipjkx37

where h; are undetermined parameters, and p; are the eigenvalues obtained from the characteristic equations:
det(N —pI) = 0.
Substituting Eqs. (B3) and (B4) into Eq. (B6) yields a bicubic equation:
i (B; — @) (72 — @)? + 2612 (b — @) (Tas — @a)

+@, [(dy @4 — Ts) (T + Ta3) + 2(@s — b1C2)711] + s(@ — bic1)* |

@d — &) [@a — (b; — @) (T — 7)) + i _ L sl
(@sh ~2) [T = (b ~ ) ~ 7o) + [A4(61C2 — Tody) + Co (@ + Tsby) — 3 (@udy — bic2))]

oy 2 =
—8,85C; — @z (b, — @) (asds — ©3)
= o _ 2, oo = o
—@ [(T33 — @3+ 51€1)* — @ (F11 + T3z — 283) + (@ — by ) T2 + @ (2b1T2 — Qudy — @5)|p* + @ap® = 0.

In general, six eigenvalues can be obtained from this equation, with corresponding eigenvectors 7V given by

- _ _ —2 _ _ _ _ _ —2 . _ _
b pibi @ [by(a@s — i) + @4ci] N (by — @4)(@sCy — TaCo — C17T33) T (by — @) (711 — 733)
& @a, aa, P& pidas [

_ _ o\ _ _ 72 = = — — \= _ _
) (@ —F)b — e (by — @) [AsCy — (@3 — 733)C2) | @ — s,
J a;a, ﬁfﬁz aa,

=2 N — — _ _ _ _ _ _ -2 o N— _ _
[ +pj{(bl — @) [@285 — (@ — 723)°] N ay(2as — 71y — 133)} +l [(b1 —@4)8s(7 —Tz3) 614615}

—2p? > - 2 =
ar’ @d, @a Dj @a, aa
) 5 [@4€2 — Tsby | [(@s — T33)by — T4C1]T3 _ _ 32, T33| @5C — A3C2 + CaTsz | (AsCa — Asby)Tnn
70 — | P — + —— +9|@— (@-b)= — + —
n = a; aas a; aas aas
- _ o o —2 _ _ _ _ _ _
biTs3 5 | G5C1 — G3C (b1 - 04)(‘511 —T33) p C1733 {64 (ﬁ Bz) T33 — Cl3:|
— i - —Dj\ == —\a4 —0y) ——
a pjafaz —may a;az a
— 2 ?33 _ —
_ {a4—(a4—b )T:|C2_ 5b1
@b — 43— 451
+(a3 1 — Cl4C1) —
1d2 a
_ _ _ T - _ _ _ T _ _ _ \2 _ T — \— R T - — _ _
.4 as — ™ @ —biC +711 —Ts3 | HU3biCy — (@3 — Ta3)” + (@1 — b1€1)Tas + (@5 — biCp) — @ (283 — Tn1)
L Elﬁz/(blEZ) a162/a5 J 6162

(B5)

(B6)

(B7)

®8)

It should be noted that, for a specific free-energy function of interest, the eigenvalues come in conjugate pairs such thatp; o3 = Pase
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123) _ ﬁ(4,5,6)

and 7'
B.2. Bifurcation relation

We now consider the incremental interfacial conditions on the top and bottom faces of the block (x3 = +I;/2) given by
Tost =Ty —Us175,, Bios = winBy + By, Toss = T4y + W75, Hin = us Hj + Hy,. (B9)

The incremental magnetic field outside the block is also irrotational and can thus be expressed as the gradient of an incremental
magnetic scalar potential in the solvent:

H = —gradp*, B = —pugrady". (B10)

From Eq. (B10), it follows that the incremental magnetic scalar potential ¢* satisfies A¢" = divB"~ = 0. The explicit form of ¢* can
then be written as

@ =k (Cie" + Cres) el (B11)
where C; and C} are undetermined constants of integration related to the incremental interfacial and boundary conditions. In the

present case, recalling that the top and bottom of the tank are covered by films with perfect diamagnetism and the applied current
intensity iy is fixed, the incremental magnetic potential at x3 = +L;/2 is assumed to satisfy the decay condition:

L
@ (xh i§‘> =0. (B12)

The associated components of the incremental Maxwell stress can be expressed in terms of ¢" as
Ty =y = —T33 = p3B5 Ty =Ty = —¢1 By (B13)

Substituting Eq. (B11) into Egs. (B9) and (B12), and combining with Eq. (B13), we finally arrive at

B (k/2) ~ AR /2)]e4 (B (K /2) — Ak /2) K/

(B14)
He(e + %) ’ He( -+ %) ’
for the solvent in the region L;/2 < x3 < l/2, and
¢ i[BUL (=Kl /2) — A=Ky /2)| 02 (B (—Kly/2) — A( Ky /2)] (B15)
' (@ &) T PCEETD) ’

for the solvent in the region — I;/2 > x3 > — L/2, respectively.
Using Egs. (6), (B1), (B8)2, and (B9)-(B15), we write the remaining interfacial conditions (B8); 3 4 in impedance matrix form, as

S(kl,/2) =iZ, U(kl,/2), S(—kl/2) =iZ T(—kl/2), (B16)
with
Bltanh(kh/2) —iB;/2 —Bstanh(kh/2) —Bitanh(kh/2) —iB;/2 Bstanh(kh/2)
Z =u B2 /2 0 —iB, . Z=q B} /2 0 ~iB; | (B17)
—Bstanh(kh/2)  iBs tanh(kh/2) Bstanh(kh/2)  iB;  —tanh(kh/2)

where the short-hand notation is given as h= L;— lg = Ly — A3sLg/4o, and the subscripts “+” identify the interfaces x3 = +l; /2,
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respectively. Rearranging Eq. (B16) using Eq. (B5), we obtain the following matrix form

1z o

+

0

AR
K, /2)

|

{ U(kly/2) }

U(— Ky /2)

%1l

where

F{E,
GiE;
HYE;
FyEf
G\E}
H, E}

F;E,
G:E,
H; E,
F,E;
G:E}
H,E;

F3Ey
GsE;
HyE;
FyEg
GsE;
HyEy

£ = B (i vanb(hy2) ~ 08 ) Btk 2)| -+

(1= ) )
Gj = B3 (533715}) - ’7?) +’7(5})-,

H = ﬁ[ﬁg( + in¥tanh(kh/2) + qg”) ¥ ingf)tanh(k'ﬂ/z)] +2.

F{E; F,Ei F;E; hy

~GiE{ —GyE{ —GsE{||hy

H,E{ H,E, H,E; h
S S N M (B18)

FfE; FJE, FiE; ||h

~GiE] —G.E, —GsE; | |hs

H{E; HjE, HJE; | Lhs
(B19)

The bifurcation equation for the antisymmetric and symmetric modes can then be resolved by decoupling Eq. (B18) into two 3 x 3

blocks with its determinant factorizing as
anti anti nti ym ym ym
Pll P12 leiS P;l Ple P;3
anti anti nti ym ym ym
PR Pt PR < [P PR Py

anti anti nti ym ym ym
P31 P32 P;S P;l PZZ PZS

=0,

where, defining p; = ir;,
P"l‘;.“‘ = Gjtanh (klyr;/2),
Pyt =3 [B B + (5 B Juanh(ky/2)].
Py = 2 [ + o+ (Hy — B )tanh (K7 /2)],
Py = Gjeoth (klr;/2),

=3 [B +E 4 (B — B )coth(kry/2)],

Py = % {Hf +H + (H; 711{].*)coth(klgrj/2)].
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Appendix C. Complementary figures

Neo-Hookean: J,, — » Gent: J,, =97.2

(@ 6F ' ' ' (c) 6f ' U =06, ®KT=0
4t 4t ]
s=-1

2t 2l ]
ol 0 : - : -
0 1 2 3 4 5 6 0 3 4 5 6

AilAy AdAq
(b) 6F ' ' "Ju=06, ®/kT=-001
4} J
2t ]
0 1 | 1
0 4 5 6

AdAq AdAq

Fig C1. Nonlinear responses of ideal MAH blocks immersed in the solvent with different chemical potentials are analyzed for the normalized
permeability 7 = 0.6. The responses are plotted for L = 0.8 (solid curves) and L = 0.3 (dash curves), respectively. (a) ®./kT = 0 and (b) ®. /kT =
—0.01 for the neo-Hookean case; (¢) ®./kT = 0 and (d) ®./kT = —0.01 for the Gent (J;, = 97.2) case. The normalized in-plane normal stress s =
0, =+ 1 correspond to the black, red, and blue curves, respectively. The dotted curves are excluded from the nonlinear responses due to the geo-
metric constraint imposed by the tank (13 < 19/L). No pull-in phenomenon is observed in these panels.
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Neo-Hookean: J,, — «© Gent: J,,=97.2
(@ 10 — — = (dy 10 — —
/
4.80
Gent: J,, =972
5
o 0
-5
-10+
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
7 7
— — (e) 10 = —
3.00
250 5 2.50
2.00 2.00
1.50 lo 0 1.50
1.00 1.00
0.50 -5 0.50
0.00 0.00
. . . -10 43 . . .
0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
7 u
— 7 (H 10 —
i
2.40 240
2.00 2.00
1.60 1.60
1.20 1.20
0.80 0.80
0.40 0.40
0.00 0.00
04 0.6 0.8 0.4 0.6 0.8
u u

Fig C2. Effect of normalized permeability on the pull-in instability of neo-Hookean and Gent (J,, = 97.2) ideal MAH blocks (7 < 1) immersed in a
solvent. (a) and (d) Contours of critical current for L = 0.8 and ®./kT = — 0.01; (b) and (e) Contours of critical current for L = 0.3 and ®. /kT = 0;
(c) and (f) Contours of critical current for L = 0.3 and ®./kT = — 0.01.
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Neo-Hookean: J,, — = Gent: J,, =97.2
(@) 8Ff ' " [p=20,04T=0 (©) B8} ' "~ [u=20,0kT=0
]
6f 1 6F 3 1
1]
v
v
y
~ g4} % 1 i~ b J
L
2f W ] ]
\‘ \\:\ Seen
s TTTReeeellll
ols= Ns=o . 1L I . .
0 1 2 3 4 3 4
AdAg
(b) 8F ' "Ti=20, o4T=-001] (d) 8F ' " [p=2.0, kT =-0.01
6l ] 6t ]
1™~ 4 L 4 [ 4 L 4
A |- _
““\ el . s=1
iS4 §=0 -
0 §:~:"1-§\\. . . 0 . .
0 1 2 3 4 0
A4dA

AdAg
Fig C3. Nonlinear responses of ideal MAH blocks immersed in a solvent with different chemical potentials are analyzed for the normalized
permeability i = 2.0. The responses are plotted for L = 0.8 (solid curves) and L = 0.3 (dash curves), respectively. (a) ®./kT = 0 and (b) ®. /kT =
—0.01 for the neo-Hookean case; (¢) ®./kT = 0 and (d) ®./kT = —0.01 for the Gent (J,, = 97.2) case. The normalized in-plane normal stress s =
—1, 0, 1 correspond to the black, red, and blue curves, respectively. The dotted curves are excluded from the nonlinear responses due to the
geometric constraint of the tank (13/49 < 1/L). No pull-out behavior can be observed in all the panels except for the case of (i, 5,®. /kT) = (2, 1,
- 0.01).
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(a

(b)

Neo-Hookean: J,, — «
' =06, ®/kT=0,L=0.8

= thin-plate limit
- thick-plate limit
— Lj£=02

1 2 3 4 5

A,

[u=06, ®/kT=-0.01,L=08

1 2 3 4 5

AJA,

(©)

(d)
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Gent: J,, =97.2

u=06, ®/kT=0,L=0.8

1 2 3 4 5
Al

=06, ®/kT=-001,L=038

1 2 3 4 5
A,

Fig C4. The wrinkling behavior of ideal MAH blocks immersed in a solvent with varying chemical potentials is analyzed for a normalized
permeability 7 = 0.6 and a relative thickness L = 0.8. (a) ®./kT = 0 and (b) ®./kT = —0.01 for the neo-Hookean case; (¢) ®. /kT = 0 and (d) @,
/kT = —0.01 for the Gent (J,, = 97.2) case. The critical curves of I versus 1; /1o for the thin-plate limit, L/ = 0.2, and the thick-plate limit, and
the nonlinear response for s = 0 are depicted by black, blue, red, and gray lines, respectively. All curves satisfy the geometric constraint of the tank
(13 < Ao/L), with the case of A3 = 1o/L marked by crosses.
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Neo-Hookean: J,, — = Gent: J,, =97.2
(a) 6f ' "fu=06,0/4T=0C[=03] (c) 6Ff ' u=06,dkT=0,L=03
al 1 4l 1
1~ I~
2t 1 2L 1
= thin-plate limit
= thick-plate limit|
— Lg/£=0.2
o L 1 T il 0 1 1 L 1
0 1 2 3 4 5 0 1 2 3 4 5
AdAy AydAg
(b) 6} ' u=06, ®/T=-001,L=03] (d) 6F ' =06, ®/kT=-001,L=03
4l 4L 1
1™~ I~
2t 1 2t 1
O 1 1 1 1 0 1 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5
AdAg AdA,

Fig C5. The wrinkling behavior of ideal MAH blocks immersed in a solvent with varying chemical potentials is analyzed for a normalized
permeability 7 = 0.6 and a relative thickness L = 0.3. (a) ®./kT = 0 and (b) ®./kT = —0.01 for the neo-Hookean case; (c) ®. /kT = 0 and (d) @,
/kT = —0.01 for the Gent (J,, = 97.2) case. The critical curves of I versus 1; /1o for the thin-plate limit, Lg/ = 0.2, and the thick-plate limit, and
the nonlinear response for 5 = 0 are depicted by black, blue, red, and gray lines, respectively.
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Gent: J,, =97.2

12} ' u=20,®/kT=0,L=08
0.8} ]
0.4} ]
00 1 1 Il 1
0 1 2 3 4 5
AdAg
3t lu=2.0, ®/kT=-0.01,L=0.8
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1+ X ]
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0.0 0.5 1.0 1.5 2.0
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Fig C6. The wrinkling behavior of ideal MAH blocks immersed in a solvent with varying chemical potentials is analyzed for a normalized
permeability 7 = 2.0 and a relative thickness L = 0.8. (a) ®./kT = 0 and (b) ®./kT = —0.01 for the neo-Hookean case; (c) ®. /kT = 0 and (d) @,
/kT = —0.01 for the Gent (J,, = 97.2) case. The critical curves of I versus 1; /1o for the thin-plate limit, Lg/ = 0.2, and the thick-plate limit, and
the nonlinear response for s = 0 are depicted by black, blue, red, and gray lines, respectively. All curves satisfy the geometric constraint of the tank
(43 < Ao/L), with the case of A3 = 1o/L marked by crosses.
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Neo-Hookean: J,, — = Gent: J,, =97.2
(@ 6f— 1222;5%‘;‘;“'% ' |;7 =2.0,®kT=0,L=03| (c) 6f ' 1lu=20,®kT=0,L=03
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AdAg AdA,

Fig C7. The wrinkling behavior of ideal MAH blocks immersed in a solvent with varying chemical potentials is analyzed for a normalized
permeability 77 = 2.0 and a relative thickness L = 0.3. (a) ®./kT = 0 and (b) ®./kT = —0.01 for the neo-Hookean case; (c) ®. /kT = 0 and (d) @,
/kT = —0.01 for the Gent (J, = 97.2) case. The critical curves of I versus 1; /4 for the thin-plate limit, Lg/< = 0.2, and the thick-plate limit, and
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the nonlinear response for 5§ = 0 are depicted by black, blue, red, and gray lines, respectively. All curves satisfy the geometric constraint of the tank

(A3 < Ao/L), with the case of A3 = 1o/L marked by crosses.

(@) 3pnr wRT ®/kT=0,L=08,1=0.1|(b) 1=0.2|(c) 1=0.35
=
— p=10
2+ \
j=]
X
<
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(d) *1 1=0.45|(e) [1=0.5|(f) =055
34
j=]
S 2
<
S
0
(@ 3 1=0.6(h) [1=0.| (D i=10
4
o 349
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< ,]
14
0 - - - . - . - : - - . - . - -
107 102 107! 10° 10! 102 107 102 107" 10° 10! 102 107 102 107" 10° 10! 10?
LJc LJc LJc

Fig C8. The critical curves of 4, /4 versus Ly /. are shown for ideal MAH blocks with diverse permeabilities (# < 1) immersed in a solvent with ®.
/kT =0 and L = 0.8. Panels (a)-(i) correspond to the neo-Hookean case with I = 0.1, 0.2, 0.35, 0.45, 0.5, 0.55, 0.6, 0.8, 1.0, respectively. The
blue, red, and black curves represent antisymmetric wrinkling for blocks with 7 = 0.1, 0.6, 1.0, respectively, satisfying the geometric constraint of
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the tank (A3 < 2o/L). Crosses mark the case where A3 = 19 /L. The dotted curves are excluded from the critical curves due to the geometric constraint
of the tank (13 < Ao/L).

(@) 20 Renit onit N |¢c/kT=-0-01,Z=0-8,7=0-1 (b) 1=0.2|(c) 1=10.35
H

(@) 101 T=0.6|(h) 7=0.8|() i=1.0

 E——

010’3 16’2 16" 16“ 11')‘ 102 107 16’2 1(;" 10° 10’ 102 107 16’2 16" 10° 16‘ 10?
Lg/[, LJC Lg/L

Fig C9. The critical curves of 11 /Ao versus Lg /. are shown for ideal MAH blocks with diverse permeabilities (7 < 1) immersed in a solvent with @,

/kT = —0.01 and L = 0.8. Panels (a)-(i) correspond to the neo-Hookean case with T = 0.1, 0.2, 0.35, 0.45, 0.5, 0.55, 0.6, 0.8, 1.0, respectively.

The blue, red, and black curves represent antisymmetric wrinkling for blocks with 7z = 0.1, 0.6, 1.0, respectively, satisfying the geometric constraint

of the tank (13 < 1o/L). Crosses mark the case where A3 = lo/L. The dotted curves are excluded from the critical curves due to the geometric

constraint of the tank (A3 < Ao/L).
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Fig C10. The critical curves of 1, /4y versus Ly /" are shown for ideal MAH blocks with diverse permeabilities (7 < 1) immersed in a solvent with ®.
/kT = 0and L = 0.8. Panels (a)-(i) correspond to the Gent (J,, = 97.2) case withI = 0.1, 0.2, 0.35, 0.45, 0.5, 0.55, 0.6, 0.8, 1.0, respectively. The
blue, red, and black curves represent antisymmetric wrinkling for blocks with 7 = 0.1, 0.6, 1.0, respectively, satisfying the geometric constraint of

the tank (A3 < 1o/L). Crosses mark the case where A3 = 19 /L. The dotted curves are excluded from the critical curves due to the geometric constraint
of the tank (13 < 1o/L).
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Fig C11. The critical curves of 1; /4o versus Ly /- are shown for ideal MAH blocks with diverse permeabilities (i < 1) immersed in a solvent with @,
/kT = —0.01 and L = 0.8. Panels (a)-(i) correspond to the Gent (J, = 97.2) case with I = 0.1, 0.2, 0.35, 0.45, 0.5, 0.55, 0.6, 0.8, 1.0,
respectively. The blue, red, and black curves represent antisymmetric wrinkling for blocks with 7 = 0.1, 0.6, 1.0, respectively, satisfying the
geometric constraint of the tank (A3 < Ao/L). Crosses mark the case where 13 = Jo/L. The dotted curves are excluded from the critical curves due to
the geometric constraint of the tank (13 < 1o/L).
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Fig C12. The critical curves of 1; /4o versus Ly /. are shown for ideal MAH blocks with diverse permeabilities (7 < 1) immersed in a solvent with ®.
/kT =0 and L = 0.8. Panels (a)-(i) correspond to the neo-Hookean case with I = 0.1, 0.2, 0.35, 0.45, 0.5, 0.55, 0.6, 0.8, 1.0, respectively. The
blue, red, and black curves represent antisymmetric wrinkling for blocks with i = 2.0,1.5, 1.0, respectively, satisfying the geometric constraint of
the tank (A3 < 1o/L). Crosses mark the case where A3 = 19 /L. The dotted curves are excluded from the critical curves due to the geometric constraint

of the tank

(43 < 20/D).
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Fig C13. The critical curves of 1; /4y versus Ly /" are shown for ideal MAH blocks with diverse permeabilities (7 < 1) immersed in a solvent with ®.
/kT = —0.01 and L = 0.8. Panels (a)-(i) correspond to the neo-Hookean case with T = 0.1, 0.2, 0.35, 0.45, 0.5, 0.55, 0.6, 0.8, 1.0, respectively.
The blue, red, and black curves represent antisymmetric wrinkling for blocks with 7 = 2.0,1.5, 1.0, respectively, satisfying the geometric constraint
of the tank (13 < 49/L). Crosses mark the case where A3 = lo/L. The dotted curves are excluded from the critical curves due to the geometric
constraint of the tank (13 < 1o/L).
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Fig C14. The critical curves of 1; /Ay versus Ly /" are shown for ideal MAH blocks with diverse permeabilities (7 < 1) immersed in a solvent with ®.
/kT = 0and L = 0.8. Panels (a)-(i) correspond to the Gent (J;, = 97.2) case withI = 0.1, 0.2, 0.35, 0.45, 0.5, 0.55, 0.6, 0.8, 1.0, respectively. The
blue, red, and black curves represent antisymmetric wrinkling for blocks with 7 = 2.0,1.5, 1.0, respectively, satisfying the geometric constraint of
the tank (13 < 19/L). Crosses mark the case where 13 = Jo/L. The dotted curves are excluded from the critical curves due to the geometric constraint

of the tank (13 < 1o/L).
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Fig C15. The critical curves of 1; /4y versus Ly /" are shown for ideal MAH blocks with diverse permeabilities (7 < 1) immersed in a solvent with ®.
/kT = —0.01 and L = 0.8. Panels (a)-(i) correspond to the Gent (Jy, = 97.2) case with I = 0.1, 0.2, 0.35, 0.45, 0.5, 0.55, 0.6, 0.8, 1.0,
respectively. The blue, red, and black curves represent antisymmetric wrinkling for blocks with 7 = 2.0, 1.5, 1.0, respectively, satisfying the
geometric constraint of the tank (13 < Ag/L). Crosses mark the case where A3 = 19/L. The dotted curves are excluded from the critical curves due to

the geometric constraint of the tank (13 < 1g/L).
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Fig C16. Encounter of critical touching between the immersed Gent (J;, = 97.2) ideal MAH block during wrinkling and the tank with ®. /kT =0
and L = 0.8. (a) Critical curves of I versus Ly /.7 for 13 = Ao /L and g = 0.1, 0.6, 1.0, 1.5 and 2.0; (b) Critical curves of I versus A1 /Ao for A3 = 4o /L
and i = 0.1, 0.6, 1.0, 1.5 and 2.0; (c) Nonlinear responses under diverse currents I = 0.1, 0.2, 0.35, 0.5, 0.6, 0.8, 1.0 and i = 1.5; (d) Combination
of enlarged critical curves of I versus 1 /Ao for 13 = Ao/L and nonlinear responses of the MAH blocks with 7 = 1.5 and 2.0, respectively. The dotted
curves are excluded from the nonlinear responses due to the geometric constraint of the tank (13 < 4o /L).
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