
Ahmad Almamo
State Key Laboratory of CAD & CG,

Key Laboratory of Soft Machines and
Smart Devices of Zhejiang Province,

Soft Matter Research Center,
Department of Engineering Mechanics,

Zhejiang University,
Hangzhou 310027, China

e-mail: ahmadalmamo@zju.edu.cn

Yipin Su1

State Key Laboratory of CAD & CG,
Key Laboratory of Soft Machines and
Smart Devices of Zhejiang Province,

Soft Matter Research Center,
Department of Engineering Mechanics,

Zhejiang University,
Hangzhou 310027, China;

Qihang Union & Innovation Center,
Huanjiang Laboratory,
Zhuji 311800, China

e-mail: su_yp@zju.edu.cn

Weiqiu Chen
State Key Laboratory of CAD & CG,

Key Laboratory of Soft Machines and
Smart Devices of Zhejiang Province,

Soft Matter Research Center,
Department of Engineering Mechanics,

Zhejiang University,
Hangzhou 310027, China;

Center for Soft Machines and Smart Devices,
Huanjiang Laboratory,
Zhuji 311800, China;

Faculty of Mechanical Engineering and
Mechanics,

Ningbo University,
Ningbo 315211, China

e-mail: chenwq@zju.edu.cn

Huiming Wang
State Key Laboratory of CAD & CG,

Key Laboratory of Soft Machines and
Smart Devices of Zhejiang Province,

Soft Matter Research Center,
Department of Engineering Mechanics,

Zhejiang University,
Hangzhou 310027, China

e-mail: wanghuiming@zju.edu.cn

Axisymmetric Vibration
of Inviscid Compressible
Fluid-Filled Soft Dielectric
Elastomer Actuator Tube
Driven by the versatility and adaptability of next-generation soft robotic devices, investigat-
ing the vibrational behavior under fluid-electromechanical coupling represented by a soft
dielectric elastomer actuator (DEA) tube filled with fluid evokes much attention. Here,
we investigate the axisymmetric vibration of an inviscid compressible fluid-filled thin
DEA tube by using the Gent model to define the behavior of the tube under multi-fields.
We consider the effect of the fluid by exploiting the relation of the radial fluid pressure at
the fluid–solid interface. Following the general incremental theory of nonlinear electro-
elasticity, we formulate the incremental governing and constitutive equations needed for
vibration analysis and solve them numerically using the state-space method (SSM). The
results demonstrate the influence of the applied voltage, overcritical circumferential
stretch, higher frequency modes, and phase velocity modes on the early development of axi-
symmetric instability and dielectric breakdown. The existence of the fluid contributes to
more reduction in the frequency and phase velocity compared to the fluid-free case due
to the added mass effect. Moreover, the results show the role of fluid in the partial self-
healing of the soft DEA. A parametric study on specific variables deduces that increasing
the thickness of the soft DEA tube reduces the frequency effectively, whereas applying
higher voltages causes a thinning in the thickness, leading to the need for thicker tubes.
[DOI: 10.1115/1.4065794]
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1 Introduction
Many analytical models have been utilized as a keystone to

describe wave propagation in elastic tubes for some biological
applications, including blood flow in arteries and electromechanical
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cardiovascular activity, as seen in the study by Bathe and Kamm
[1]. Soft dielectric elastomer actuators (DEAs) inspired numerous
applications, particularly artificial muscles and other biomedical
devices [2–6].
Soft DEAs have garnered significant attention from scientists due

to their unique properties, particularly their behavior under multi-
physics. Among these, fluid-filled soft actuators have gained trac-
tion due to their merits over classical soft actuators. They
improve efficiency, performance, response speed, and portability,
while the current soft actuators, such as pneumatics or shape-
memory alloys, suffer some limitations [7–9]. The fluid-filled soft
DEAs demonstrate controllable linear contraction, higher band-
width, and actuation at high frequency, making them suitable for
applications in bioinspired robotics, active prostheses, medical
and industrial automation, autonomous soft robotic devices, and
gripping systems [7,8,10–15]. The filled compressed fluid allows
the soft DEAs to self-heal after electric breakdown, which the con-
ventional DEAs cannot achieve [8–10,16].
The tubular dielectric actuators, early introduced by Pelrine et al.

[17] and under the effects of biasing fields, were considered by
Baumhauer and Tiersten [18] for small-amplitude wave propaga-
tion in electro-elastic materials. Alongside, the general nonlinear
theory of electro-elasticity, established by Toupin [19,20] for the
static and dynamics problems, drove to improve theoretical
models to simulate and confirm the obtained experimental results
for DEAs [21–23]. The axisymmetric wave propagation of soft
tubular DEAs was also investigated to illustrate the effect of
radial biasing fields [24,25]. It has been found that the higher
applied voltage leads to large deformation in a soft dielectric
tube and causes instabilities once the voltage approaches the critical
value [26–28].
Axisymmetric wave propagation in the coupled fluid–solid

system was early examined by Biot [29] to find the phase and
group velocities in a cylindrical bore through an elastic material
of infinite extent filled with fluid. Meanwhile, Fuller and Fahy
[30] investigated free wave dispersion behavior and energy distribu-
tions in a fluid-filled, thin-walled cylindrical elastic shell. Beyond
DEAs, many studies have been carried out to analyze the wave
propagation through functionally graded piezoelectric materials
either immersed in fluid as in the study by Chen and Bian [31] or
filled with the fluid as shown by Chen et al. [32].
Recently, the effect of an electric field on the axisymmetric sol-

itary wave in a fluid-filled, thin-walled dielectric elastomer (DE)
tube was studied by Defaz et al. [33]. Furthermore, the axisymmet-
ric vibration of multilayered electroactive circular plates in contact
with fluid was examined by Cao et al. [34]. Although Rothemund
et al. [11] presented a model to analyze the dynamic behavior of
electrohydraulic soft actuators by examining in detail the influence
of geometry, materials system, and external loads on the actuation
speed, they did not consider optimizing the performance of soft
DEAs by investigating the effect of some parameters, such as the
densities and elastic wave velocities in the fluid and DEAs. Thus,
vibration and wave propagation in the coupled fluid-DEA system

still have many research gaps worthy of interest. Accordingly, by
our work, we conduct an axisymmetric vibration analysis of the
fluid-filled thin-walled DEA tube using the proper mathematical
technique, namely, the state-space method (SSM), to solve the
system of ordinary differential equations representing the incremen-
tal governing equations within the numerical context. Furthermore,
we study the effect of some physical quantities and explain how
they affect the vibrational behavior of DEAs.
The arrangement of this article has the following style. In Sec. 2,

we explain the basic equations, including the governing and consti-
tutive equations, required for formulating our problem. The linear-
ized incremental analysis, comprising the incremental governing
and constitutive equations besides the incremental boundary condi-
tions, is detailed in Sec. 3. The mathematical model of the energy
function describing the material behavior according to the finite
deformation and assumed constraints is demonstrated in Sec. 4.
The SSM required for solving the system of incremental equations
of motion is also explained in this section. The obtained numerical
results are visualized and discussed in Sec. 5. In Sec. 6, we draw
conclusions based on the observed results and the main findings
of our work.

2 Theoretical Background
Let us consider an isotropic incompressible soft DEA tube with

inner and outer radii (Ri, Ro) and initial length L as depicted in
Fig. 1. The tube is filled with a compressible inviscid fluid and
subject to extension and inflation induced by pressure applied at
the outer surface Po. A voltage V is applied through the soft DEA
tube’s thickness, where the inner and outer surfaces are coated
with flexible electrodes.

2.1 Axisymmetric Deformation and Electric Field. In the
referential cylindrical system (R, Θ, Z), a material particle in the
undeformed configuration is defined by its position vector
X(R, Θ, Z). In contrast, the material particle X has the position
x(r, θ, z) in the deformed configuration and current cylindrical
system (r, θ, z).
In Fig. 1, H = Ro − Ri represents the thickness of the soft DEA

tube. The counterpart geometric parameters of Ri, Ro, L, and H
in the deformed configuration are ri, ro, l, and h = ro − ri.
In the undeformed configuration, the Lagrangian geometries of

the tube in the cylindrical coordinates (R, Θ, Z) for the position
of an arbitrary point read

0 < Ri ≤ R ≤ Ro, 0 ≤ Θ ≤ 2π, − L/2 ≤ Z ≤ L/2 (1)

After deformation, we obtain the Eulerian geometries in the
updated cylindrical coordinates (r, θ, z)

0 < ri ≤ r ≤ ro, 0 ≤ θ ≤ 2π, − l/2 ≤ z ≤ l/2 (2)

Fig. 1 Illustrative sketch of a soft DEA tube filled with an inviscid compressible fluid
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The deformation gradient tensor F = ∂x/∂X reads

F =

∂r
∂R

∂r
R∂Θ

∂r
∂Z

r∂θ
∂R

r∂θ
R∂Θ

r∂θ
∂Z

∂z
∂R

∂z
R∂Θ

∂z
∂Z

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
=

λr 0 0
0 λ 0
0 0 λz

⎡
⎣

⎤
⎦ (3)

I1 = tr C = λ2r + λ2 + λ2z ,

I2 = tr(C−1) = λ−2r + λ−2 + λ−2z , I3 = 1
(4)

λr = λ−1λ−1z and I1, I2, I3 are the first three principal scalar invari-
ants. It should be noted that the incompressibility condition has
been used; therefore, I3 = 1. C = FTF is the right Cauchy–Green
deformation tensor, and λ = r/R is the circumferential stretch of
the material.
(·)T and (·)−1, here and after, refer to the transpose and inverse of

a tensor, respectively. For incompressible materials, the axisymmet-
ric deformation of the soft DEA tube is

λz(r
2 − r2i ) = R2 − R2

i , θ = Θ, λz =
z

Z
=

l

L
(5)

where λz is the axial stretch. By Eq. (5), and for a given λi = ri/Ri at
the inner surface, the circumferential stretches of the outer surfaces
λo are

λo = ro/Ro =
����������������������
λ2i · η2 + λ−1z (1 − η2)

√
(6)

where η = Ri/Ro is the aspect ratio of the soft DEA tube.
To consider an axisymmetric plane strain problem, we fix the

coordinates θ = Θ and take the length of the tube much greater
than the thickness of the dielectric layer (L ≫ H). The actual elec-
tric field E and electric displacement D in the soft DEA tube gener-
ated by the potential difference applied between the electrodes at the
inner and outer surfaces are

E = Er 0 0
[ ]T, D = Dr 0 0

[ ]T
(7)

where Er and Dr are the radial components of the actual electric
field and electric displacement, respectively. For an ideal DEA
tube, the actual radial electric field can be obtained [35]

Er = ε−1Dr =
V

r
ln
ro
ri

( )−1

(8)

where ε is the permittivity of the material. The electric field outside
the DEA tube is assumed to be a vacuum so that it can be ignored.

2.2 Constitutive Equations and Boundary Conditions. The
energy function of the ideal DEA tube Σ can be described as follows
[36]:

Σ =W(I1) +
1
2
ε−1I5 (9)

whereW is the elastic part of the energy function and I5 = D2
r . Thus,

the total Cauchy stress and actual electric field are [37]

τ = 2W1B − pI + ε−1D⊗ D, E = ε−1D (10)

where W1 = ∂W/∂I1, B = FFT is the left Cauchy–Green deforma-
tion tensor, and I is the identity tensor. p is a Lagrange multiplier,
which can be determined from the boundary conditions.

The stress components of the DEA tube can be expressed as
follows [38]:

τrr = 2W1λ
2
r − p + ε−1D2

r , τθθ = 2W1λ
2 − p,

τzz = 2W1λ
2
z − p

(11)

Then, the equilibrium equation of the tube can be written as
follows:

dτrr
dr

+
τrr − τθθ

r
= 0 (12)

and the corresponding boundary conditions at both ends z = ±l/2
and inner and outer surfaces are as follows:

τrr(ri) = −Pf , τrr(ro) = −Po, τrz(±l/2) = 0 (13)

where Pf = ω2B(ri)ρf is the dynamic fluid pressure, ω is the circular
frequency, and ρf is the fluid density. Po represents the applied
external pressure. B(r) is the coupling function between the com-
pressible fluid and the tube [39]. Then, B(ro) = 0, and at the
contact to the fluid surface [32]

B(ri) =

Jn(χ)
Jn−1(χ) − Jn+1(χ)

· 2
χ
, χ2 > 0

1
n
, χ2 = 0

In(χ̃)
In−1(χ̃) + In+1(χ̃)

· 2
χ̃
, χ2 = −χ̃2 < 0

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(14)

where Jn(χ) and In(χ) are the Bessel function and the modified
Bessel function of the first kind, respectively. χ2 = (ω2/c2f ) − α2 is
the internal fluid radial wavenumber, where cf is the elastic wave
velocity in fluid, α = 2nπ/l designates the axial wavenumber,
whereas n = 1, 2, 3, . . . represents the axial mode number.
A variety of properties of a system can be analyzed using the

applied pressure expression in conjunction with the characteristics
equation as given below:

ΔP = Pi − Po =
∫ro
ri

dτrr
dr

dr =
∫ro
ri

2W1(λ
2 − λ2r )

dr

r

−
V2

2r2i (ln (ro/ri))
2 1 −

r2i
r2o

( )
+ Pf (15)

where the inner pressure Pi = Pf . For known Pf and λi, τrr reads
[40]

τrr = Pf +
∫r/R
λi

2W1(λ
2 − λ2r )

λ − λzλ
3 dλ −

V2

2r2i (ln (ra/ri))
2 1 −

r2i
r2

( )
(16)

and from Eq. (11)1, p is

p = 2W1λ
2
r − Pf −

∫r/R
λi

2W1(λ
2 − λ2r )

λ − λzλ
3 dλ

+
V2

2r2i (ln (rσ/ri))
2 1 −

r2i
r2

( )
+ ε−1D2

r (17)

3 Linearized Incremental Analysis
3.1 Incremental Constitutive Equations. Due to the

deformed configuration, we superimpose a time-dependent incre-
mental displacement u, along with an incremental electric displace-
ment Ḋ in the updated Eulerian form. (·) indicates an incremental
quantity from here onwards.
The incremental total nominal stress Ṫ and incremental electric

field Ė in the updated Eulerian form have the relations [41]

Ṫ = AL + ΓḊ + pL − ṗI (18)

Ė = ΓTL + KḊ (19)
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where L = grad u is the displacement gradient, A, Γ , and K are the
fourth-, third- and second-order electro-elastic moduli tensors,
respectively, which can be defined in terms of the energy function
Σ of an incompressible material as follows:

A = FF
∂2Σ
∂F∂F

, Γ = FF−1 ∂2Σ
∂F∂DL

, ΓT = F−1F
∂2Σ

∂DL∂F
,

K = F−1F−1 ∂2Σ
∂DL∂DL

(20)

For the symmetrical case, Γ = ΓT. The previous expression reads
in the component form:

Apiqj = FpαFqβ
∂2Σ

∂Fiα∂F jβ
, Γ pi∣q = FpαF

−1
βq

∂2Σ
∂Fiα∂DLβ

,

Kij = F−1
αi F

−1
βj

∂2Σ
∂DLα∂DLβ

(21)

3.2 Incremental Governing Equations and Boundary
Conditions. The components of the displacement gradient Lij
and incremental incompressibility condition are defined in the
case of axisymmetric incremental motion and incremental displace-
ment u = u(r, z, t) = ur(r, z, t)er + uz(r, z, t)ez as follows:

L =
Lrr 0 Lrz
0 Lθθ 0
Lzr 0 Lzz

⎡
⎣

⎤
⎦ =

∂ur
∂r

0
∂ur
∂z

0
ur
r

0

∂uz
∂r

0
∂uz
∂z

⎡
⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎦, (22)

where er and ez are the basis vectors in the radial and axial direc-
tions, respectively. Due to the incompressibility of the material,
we have

div u = tr L = Lrr + Lθθ + Lzz =
∂ur
∂r

+
ur
r
+
∂uz
∂z

= 0 (23)

The incremental Maxwell’s equations and equations of motion of
the soft DEA tube are given as follows:

div Ḋ = 0, curl Ė = 0, divṪ = ρu,tt (24)

which have the component forms as follows:

Ḋr,r + Ḋz,z = 0,

Ėr,z − Ėz,r = 0,

Ṫrr,r +
1
r
(Ṫ rr − Ṫθθ) + Ṫrz,z = ρur,tt ,

Ṫzr,r +
1
r
Ṫzr + Ṫ zz,z = ρuz,tt

(25)

Moreover, the incremental electric field derived from Eq. (25)2
reads

Ė = −grad φ̇ (26)

where φ̇ is the incremental electric potential.
The corresponding incremental mechanical and electric boundary

conditions for invariant applied voltage and pressure at both ends
z = ±l/2, and the faces r = ri and r = ro take the following expres-
sions:

uz = Ṫ rz = 0 (z = ±l/2) (27)

Ṫrr = Pf Lrr, Ṫrz = Pf Lrz, φ̇ = 0 (r = ri) (28)

Ṫrr = PoLrr , Ṫ rz = PoLrz, φ̇ = 0 (r = ro) (29)

4 Numerical Calculations
4.1 Material Model. By considering the Gent dielectric model

[42], the energy function required for solutions to elastic problems
involving large nonuniform deformations defines

Σ = −
1
2
μG log [1 − (I1 − 3)/G] +

1
2
ε−1I5 (30)

where μ is the initial shear modulus and G is the Gent constant.
Thus, we determine the electro-elastic moduli according to the
energy functions mentioned in Eq. (9):

Apiqj = 4W11bipb jq + 2W1δijb pq + ε−1δijDpDq,

Γ pi∣q = ε−1(δ pqDi + δiqDp), Kij = ε−1δij
(31)

where W1 = ∂W/∂I1, W11 = ∂2W/∂I21 .
We use the following characters for defining different moduli

[25]:

a = Azrzr, 2b = Arrrr + Azzzz − 2Arrzz − 2Arzzr , c = Arzrz, d = Γzr∣z,

g = 2Arrzz − 2Aθθzz + Aθθθθ − Arrrr , q = Arrrr − Arrzz + Aθθzz − Arrθθ − Arzzr
(32)

Then, for the Gent model in Eq. (30), we obtain

Arzzr = 0, Γzz∣r = Γθθ∣r = 0, Krr = Kzz = ε−1, Γrr∣r = 2d,

a = 2W1λ
2
z , 2b = 4W11(λ

2
z − λ2r )

2 + 2W1(λ
2
z + λ2r ) + dDr ,

d = ε−1Dr , g = 4W11λ
4
r [(1 − λ4λ2z )(2λ

2λ4z − λ4λ2z − 1)] − 2W1λ
2
r (1 − λ4λ2z ) − dDr ,

q = 4W11λ
4
r [(1 − λ2λ4z )(1 − λ4λ2z )] + 2W1λ

2
r + dDr , c = 2W1λ

2
r + dDr

(33)

4.2 State-Space Method. SSM is an effective approach for eigenvalue problems to solve physical systems represented by linearized
differential equations through a set of state vectors [43]. The state vectors can be defined by presumed functions to be employed in the
linearized incremental solutions as follows:

ur = Ri�ur(r̂) cos(αz) · eiωt , uz = Ri�uz(r̂) sin(αz) · eiωt , φ̇ = Ri

����
μ/ε

√
Φ(r̂) cos(αz) · eiωt ,

Ṫ rr = μ�Trr(r̂) cos(αz) · eiωt , Ṫrz = μ�Trz(r̂) sin(αz) · eiωt , Ḋr =
�����
μ · ε√ �Dr(r̂) cos(αz) · eiωt

(34)

�ur , �uz, Φ, �Trr , �Trz, and �Dr are scalar functions of r̂ = r/Ri only. i =
����
−1

√
is the imaginary unit. By rearranging the incremental governing

equations in the following form

∂Y(r)
∂r

=M(r) ·Y(r) (35)
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we have Y(r) and M(r), the state vector and matrix, respectively, given

Y(r) =

ur

uz

φ̇

Ṫ rr

Ṫ rz

Ḋr

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, M(r) =

−
1
r

−
∂
∂z

0 0 0 0

−δ1
∂
∂z

0 δ2
∂
∂z

0 δ3 0

δ4
r

δ4
∂
∂z

0 0 0 −ε−1

β1
r2

− β2
∂2

∂z2
+ ρ

∂2

∂t2
β3
r

∂
∂z

−δ2β4
∂2

∂z2
0 −δ1

∂
∂z

−
δ4
r

−
β3
r

∂
∂z

∂2

∂t2
− β5

∂2

∂z2
0 −

∂
∂z

−
1
r

δ4
∂
∂z

−δ2β4
∂2

∂z2
0 δ5

∂2

∂z2
0 δ2

∂
∂z

−
1
r

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(36)

where ρ is the density of the soft DEA tube in the deformed configuration, and

δ1 =
p − εd2

c − εd2
, δ2 =

εd

c − εd2
, δ3 =

1
c − εd2

, δ4 = 2d,

δ5 =
εc

c − εd2
, β1 = g + 2q + 2p,

β2 = a − εd2 −
( p − εd2)

2

c − εd2
, β3 = q + p,

β4 = p − c, β5 = 2b + 2p

(37)

To ease the solutions processes [44], we adopt the dimensional analysis, such that the dimensionless quantities employed for the incre-
mental quantities read

Â =
A

μ
, Γ̂ =

��
ε

μ

√
Γ, K̂ = εK, V̂ =

��
ε

μ

√
V

Ri
, â =

a

μ
,

b̂ =
b

μ
, ĉ =

c

μ
, d̂ =

��
ε

μ

√
d, p̂ =

p

μ
, ĝ =

g

μ
, q̂ =

q

μ
,

r̂ =
r

Ri
, ΔP̂ =

ΔP
μ

, α̂ = αRi, ζ = z/l, B(r̂) =
B(r)
Ri

,

Ω = ωRi/
�����
μ/ρs

√
, P̂f =

Pf

μ
=
−Ω2

Ri
B(r̂)(ρf /ρs), χ̂ = χRi =Ω

cs
cf

( )
− α̂

(38)

where ρs is the DEA density in the undeformed configuration and cs =
�����
μ/ρs

√
is the elastic wave velocity in the soft DEA tube. For a homo-

geneous material, ρ = ρs. Thus, the dimensionless incremental governing equations

∂�Y(r̂)
∂r̂

= �M(r̂) · �Y(r̂) (39)

where �Y(r̂) = �ur �uz Φ �Trr �Trz �Dr

[ ]T
is the dimensionless state vector. The dimensionless state matrix �M(r̂)

�M(r̂) =

−
1
r̂

−α̂ 0 0 0 0

α̂�δ1 0 −α̂�δ2 0 �δ3 0

�δ4
r̂

α̂�δ4 0 0 0 −1

�β1
r̂
+ α̂2�β2 −

ρ

ρs
Ω2 α̂

�β3
r̂

α̂2�δ2�β4 0 −α̂�δ1 −
�δ4
r̂

α̂2
�β3
r̂

α̂2�β5 −
ρ

ρs
Ω2 0 α̂ −

1
r

−α̂�δ4

α̂2�δ2�β4 0 −α̂2�δ5 0 α̂�δ2 −
1
r̂

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(40)
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with

�δ1 = δ1, �δ2 = δ2

��
μ

ε

√
, �δ3 = μδ3, �δ4 = δ4

��
ε

μ

√
,

�δ5 =
δ5
ε
, �βj =

βj
μ

( j = 1, 2, . . . , 5)

(41)

Combined with the SSM, we use the approximate laminate tech-
nique for having constant coefficients and enhanced results with a
relative error ϵ≲10−3 [45]. That can be accomplished by dividing
the tube thickness in the cylindrical coordinates into 30 sublayers
so that the inner and outer radii of each sublayer can be calculated
as follows:

rk−1 = ri + (k − 1)
h

N
≤ r ≤ rk = ri + k

h

N
(42)

where N is the total number of DEA sublayers, and k is the order of
the sublayer (k = 1, 2, . . . , N).
By taking the average of radii of the sublayer after normalizing

the basic variables to Ri, we obtain

r̂m =
ri
Ri

+ (2k − 1)
h

2NRi
(43)

where m = (2k − 1)/2, is the order of the mid-sublayer. Accord-
ingly, the solutions of the of the differential equations system Eq.
(39) read

�Y(r̂o) = �A �Y(r̂i), �A = Π1
k=Ni

Exp[(r̂k − r̂k−1) · �M(r̂m)] (44)

where �Y(r̂i), �Y(r̂o) are the dimensionless state vectors at the inner
and outer surfaces of the soft DEA tube, respectively. �A is the
dimensionless transfer matrix of coefficients. �M(r̂m) is the dimen-
sionless state matrix of coefficients at the considered mid-sublayer
in the soft DEA tube.
From the determinant of coefficients and after applying the incre-

mental boundary conditions in Eqs. (28) and (29), we obtain the
characteristic equation:

�A31 −
ΔP̂
r̂

�A34 − α̂ · ΔP̂ · �A35

( )
(�A32 − α̂ · ΔP̂ · �A34) �A36

�A41 −
ΔP̂
r̂

�A44 − α̂ · ΔP̂ · �A45

( )
(�A42 − α̂ · ΔP̂ · �A44) �A46

�A51 −
ΔP̂
r̂

�A54 − α̂ · ΔP̂ · �A55

( )
(�A52 − α̂ · ΔP̂ · �A54) �A56

∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0

(45)

where �Aij are the elements of the dimensionless transfer matrix of
coefficients �A.

5 Results and Discussion
A homogeneous soft DEA tube under radial voltage and external

pressure is examined in this section by considering the aspect ratio
of the tube η = 0.85 and a finite-length L = 10Ro. The axial stretch is
fixed λz = 1.2, and then, the associated critical circumferential
stretch for incompressible materials is λicr = λ−1/2z ≈ 0.913, unless
otherwise stated. The tube undergoes external pressure at its outer
face, while its inner face is traction free. Also, the voltage is
applied between the mounted electrodes on the inner and outer
faces. The wavenumber’s first three modes (n = 1, 2, 3) are also
considered. We use the Gent model with G = 97.2 to discuss mate-
rial behavior.

5.1 Vibration Characteristics of the Fluid-Free Soft
Dielectric Elastomer Actuator Tube. Figure 2 displays the criti-
cal voltage corresponding to the cutoff frequency or phase velocity
beyond which the real values vanish for the subcritical and overcrit-
ical circumferential stretches λi = 0.9, 1.1, respectively.
For both values of the circumferential stretch, the higher modes

have higher frequencies and lower phase velocities, approaching
zero when we apply the critical voltage. Moving into higher
mode numbers decreases the admissible value of the applied
voltage. The critical value of the applied voltage for the overcritical
circumferential stretch is less than that for the subcritical case. That
is, the overcritical circumferential stretch attenuates the capability
of the soft DEA tube to receive more voltage and takes it toward
a failure developed by an axisymmetric instability.
To have a clear idea about the vibrational behavior in the fluid-

free soft DEA tube, we can observe from Fig. 3 that the frequency
and phase velocity for higher applied voltages tend to zero with
higher mode numbers, especially if the circumferential stretch is
overcritical. In the latter case, the values vanish even in the range
of lower mode numbers. On the other hand, for the purely elastic
cases and higher mode numbers (n > 5), the frequency of the over-
critical case takes higher values than those of the subcritical case.
The same behavior can be observed for the phase velocity. The tran-
sition region, where the phase velocity moves from higher to lower
velocities, is broad and smooth in the purely elastic case and ends
with a constant and stable value. In contrast, for increasing mode
numbers at higher applied voltages and the subcritical and overcrit-
ical cases, the transition region of the phase velocity becomes
narrow with a rapid decrease in values.
If we consider the critical case of the axial stretch λz = 1.2 and

λicr ≈ 0.913, accordingly, we can capture the role of the applied
voltage in controlling the vibrational behavior in the fluid-free
soft DEA tube, as in Fig. 4. Increasing the applied voltage causes
a reduction of the resulting frequency and phase velocity. It accel-
erates the occurrence of axisymmetric instability, particularly with
higher modes. In addition, the transition region in the phase velocity
becomes smaller with higher applied voltages and is accompanied

Fig. 2 The first three modes of the (a) normalized frequencyΩ and (b) phase velocity ĉp =Ω/α̂ of the fluid-free soft
DEA tube for λi = 0.9, 1.1, and λz = 1.2, under different values of the applied voltage

101003-6 / Vol. 91, OCTOBER 2024 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/appliedm

echanics/article-pdf/91/10/101003/7352991/jam
_91_10_101003.pdf by Zhejiang U

niversity user on 15 July 2024



by a quick drop in values and the development of axisymmetric
instability.

5.2 Vibration Characteristics of the Fluid-Filled Soft
Dielectric Elastomer Actuator Tube. With the same assumptions
mentioned earlier in this section, i.e., η = 0.85, L = 10Ro, and
λz = 1.2, the soft DEA tube is subject to external pressure at its
outer face, and the inner face is in contact with an inviscid com-
pressible fluid. Both faces are mounted to flexible electrodes to gen-
erate the voltage applied to the tube. In addition, it is assumed that
the fluid-to-DEA density ratio remains fixed at ρ̂fs = ρf /ρs = 0.13,
while the ratio of elastic wave velocity in the fluid-to-DEA
remains constant at ĉfs = cf /cs = 0.27. The effect of purely
applied voltage on the frequency and phase velocity of the fluid-
filled soft DEA tube are explicitly illustrated in Fig. 5.
Similar to the fluid-free case, the higher frequencies are obtained

as we go up in the modes. In turn, lower phase velocities appear
with these higher modes. The critical value of the applied voltage,
where the soft DEA tube reaches the axisymmetric instability at
zero frequency or zero phase velocity, arises earlier in the overcrit-
ical case due to the combination effect of applied voltage and
stretch. It also gives rise to an overthinning of the soft DEA tube.
However, the frequency and phase velocity reappear with increas-
ing the applied voltage, specifically in the higher modes of overcrit-
ical stretch (here, n = 3). Those recorded values can be attributed to
the presence of the fluid. The pressure induced by the fluid and
exerted on the inner surface of the DEA prevents any surface insta-
bility, which may develop on that surface when there is no fluid. In
this sense, we may also consider that the fluid can endow the system
with a partial self-healing capability. Nevertheless, when the fluid is

not placed between the electrodes, the system cannot resist the
instability resulting from the overthinning of the soft DEA, which
is also caused by applying a sufficiently high voltage.
The notable decrease in the frequency and phase velocity in

Fig. 6 can be compared easily to the obtained values in Fig. 3 for
the fluid-free soft DEA tube. That is owing to the added mass
effect induced by the inviscid compressible fluid, which emerges
as an additional reduction in the frequency and phase velocity in
cases both with and without applied voltage. The reduction
becomes more as we move to higher modes, particularly with over-
critical stretch, as shown in Fig. 6. The transition region in phase
velocity sharply decreases compared to the fluid-free case. Also,
the higher applied voltages contribute to the early occurrence of axi-
symmetric instability with higher modes. It could extend to the
lower modes in the case of the overcritical circumferential stretch,
with which the frequency and phase velocity values decrease
more. The observed effect of the added mass against the axisym-
metric instability’s development is shown in Fig. 7. Although the
added mass reduces the frequency and phase velocity, it also
hinders the early onset of axisymmetric instability when increasing
the applied voltage. We figured out that by comparing the obtained
results for V̂ = 0.15 in Fig. 7 with those in Fig. 4. Nevertheless, the
role of added mass against early axisymmetric instability dwindles
in front of the ongoing rise in the applied voltage due to electric
dominance over the added mass.

5.3 Parametric Study of the Inviscid Compressible
Fluid-Filled Soft Dielectric Elastomer Actuator Tube. In this
section, we investigate the variation effect of the parameters
involved in the fluid-filled soft DEA tube. In fact, the parametric

Fig. 3 (a) Dimensionless frequency Ω and (b) phase velocity ĉp =Ω/α̂ of the fluid-free soft DEA tube versus the
dimensionless axial mode number for λz = 1.2, and λi = 0.9, 1.1, with values of the applied voltage V̂ = 0, 0.2

Fig. 4 (a) Dimensionless frequency Ω and (b) phase velocity ĉp =Ω/α̂ of the fluid-free soft DEA tube versus the
dimensionless axial mode number for λz = 1.2, and critical λicr ≈ 0.913, with different values of the applied voltage
V̂ = 0, 0.1, 0.15, 0.2
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study provides a helpful guideline for optimizing and seeking the
best performance of the operated soft DEA based on the applica-
tion needs, such as the fluid properties (velocity and density),
voltage range, thickness of the soft DEA, and frequency of
operation.
The ratio of elastic wave velocity in the fluid to that one in the

soft DEA tube ĉ fs, the ratio of fluid density to the soft DEA tube
density ρ̂ fs, and the thickness ratio of the soft DEA tube to its
inner radius h/Ri are the keystones of our investigation for a
fixed axial stretch λz = 1.2, along with the associated subcritical
and overcritical circumferential stretches λi = 0.9, 1.1, respectively.
Furthermore, we consider the purely elastic case, where V̂ = 0, and
the applied voltage case for V̂ = 0.15 for subcritical and overcritical
circumferential stretches.

The first three modes of frequency versus ĉ fs are demonstrated in
Fig. 8. With increasing ĉ fs, higher mode frequencies will increase
both for a purely elastic case and applied voltage. Although the fre-
quency also grows with increasing ĉ fs for the lowest mode, when
the elastic wave velocity in the fluid approaches the one in the
soft DEA tube, the frequency converges to a fixed, stable value.
Applying voltage, particularly accompanied by an overcritical cir-
cumferential stretch, reduces the frequency compared to the fre-
quency resulting from the subcritical circumferential stretch and
purely elastic cases.
By examining the effect of ρ̂ fs on the resulting frequency, we

obtain Fig. 9. In the higher modes, a notable decrease in frequency
appears when moving to higher values of ρ̂ fs. This decline is rela-
tively small in the lowest mode and nearly approaches a constant

Fig. 5 The first three modes of the (a) normalized frequency Ω and (b) phase velocity ĉp =Ω/α̂ of the fluid-filled
soft DEA tube for λi = 0.9, 1.1, and λz = 1.2, under different values of the applied voltage

Fig. 6 (a) Dimensionless frequency Ω and (b) phase velocity ĉp =Ω/α̂ of the fluid-filled soft DEA tube versus the
axial mode number for λz = 1.2, and λi = 0.9, 1.1, with values of the applied voltage V̂ = 0, 0.2

Fig. 7 (a) Dimensionless frequency Ω and (b) phase velocity ĉp =Ω/α̂ of the fluid-filled soft DEA tube versus the
dimensionless axial mode number for λz = 1.2, and critical λicr ≈ 0.913, with different values of the applied voltage
V̂ = 0, 0.1, 0.15, 0.2
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value when the fluid density exceeds the soft DEA tube’s density.
The overcritical circumferential stretch also minimizes frequency
values, specifically with higher modes and applied voltage, where
the fluid density is much lower than that of the soft DEA tube, as
shown in Fig. 9(b). Apart from the latter case, the applied voltage
does not remarkably affect the frequency with a varying ρ̂ fs, espe-
cially for subcritical circumferential stretch.
To understand the role of the thickness of the soft DEA tube in

the obtained frequencies, we observe that Fig. 10 shows a high fre-
quency for a very thin-walled tube. As thickness increases, the fre-
quency stabilizes until the thickness approximately equals the
tube’s inner radius or slightly more for higher modes. Beyond
this limit, a smooth drop in the frequency occurs such that its
values return to smaller values for a very thick tube. This behavior

holds regardless of whether the case is purely elastic or involves
applied voltage, subcritical, or overcritical circumferential stretch.
However, higher applied voltages require increased thickness in
soft DEA tubes, as evidenced by a dislodging toward larger
values compared to the purely elastic case. The difference in
values between the cases of subcritical and overcritical circumferen-
tial stretch is slight and can be negligible for the lowest mode of
frequencies.

6 Conclusions
This work used the Gent model to describe the material behavior

and investigate the axisymmetric vibration of an inviscid

Fig. 8 Normalized frequency of the fluid-filled soft DEA tube versus ĉfs for (a) V̂ = 0 and (b) V̂ = 0.15; with λz = 1.2,
λi = 0.9, 1.1, and ρ̂fs = 0.13

Fig. 9 Normalized frequency of the fluid-filled soft DEA tube versus ρ̂fs for (a) V̂ = 0 and (b) V̂ = 0.15, with λz = 1.2,
λi = 0.9, 1.1, and ĉfs = 0.27

Fig. 10 Normalized frequency of the fluid-filled soft DEA tube versus h/Ri for (a) V̂ = 0 and (b) V̂ = 0.15, with
λz = 1.2, λi = 0.9, 1.1, ρ̂fs = 0.13, and ĉfs = 0.27
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compressible fluid-filled soft DEA tube. The soft DEA tube was a
thin-walled structure that underwent an electric voltage generated
by mounted electrodes on its inner and outer faces, along with sub-
critical or overcritical circumferential pre-stretches. External pres-
sure was applied at the outer surface of the tube, while at the
inner surface, the tube was in contact with an inviscid compressible
fluid. We considered the impact of various parameters on the result-
ing frequencies, such as the ratio of elastic wave velocity in the fluid
to its counterpart in the soft DEA tube, the ratio of fluid density to
soft DEA tube density, and the effect of tube thickness.
The results of the characteristic equation showed higher frequen-

cies with the higher modes when applying higher voltages. In con-
trast, lower phase velocities were caught with the higher modes for
the same case. The early axisymmetric instability of the soft DEA
tube was attributed to the combination of the higher applied
voltage and overcritical circumferential stretch, which could be
detected through the cutoff frequencies. Nevertheless, the fluid
allowed the soft DEA tube to partially self-heal, whereas the insta-
bility induced by the overthinning of the soft DEA was still irresist-
ible. The filled inviscid compressible fluid reduced the frequency
and phase velocity over the range of axial modes compared to the
fluid-free case. It was traced back to the added mass effect. The
added mass confronted the early occurrence of axisymmetric insta-
bility with the increasing applied voltage. However, the higher
applied voltage remained dominant over the added mass effect.
The frequency increased with the rising ratio of elastic wave

velocity in the fluid to its counterpart in the soft DEA tube, while
it gave stability in value when the elastic wave velocity in the
fluid approached its peer in the soft DEA tube for the lowest
mode. Meanwhile, the frequency kept rising with higher modes.
Increasing the fluid density decreased the resulting frequency
over all modes. When the fluid density was greater than or equal
to the soft DEA tube density, the frequency converged almost to
a fixed value. In the higher modes, the overcritical stretch at an
applied voltage and the DEA tube’s huge density reduced the fre-
quency compared to the purely elastic case. That was the only
case where the applied voltage affected the frequency with
varying densities. When the thickness of the soft DEA tube raised
over its inner radius, the frequency had a smooth decrease in
values. The frequency results of the subcritical and overcritical
cases differed marginally, with a dislodging in the initial required
thickness when applying the voltage. This dislodging could
increase when higher voltages were applied, suggesting the
demand for a thicker tube to withstand the higher applied voltage.
The achieved work gives a comprehensive idea about the vibra-

tional behavior of the soft DEA tube in contact with fluid, which has
promising applications, such as robotics, prosthetics, and gripping
systems, where fast operation, large deformation, high performance,
and durability are required.
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